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Abstract. We construct the TQFT on twisted symplectic cohomology and 
twisted wrapped Floer cohomology, and prove that Viterbo restriction pre- 
serves the TQFT. This yields new applications in symplectic topology relating 
to the Arnol'd chord conjecture and to exact contact embeddings. In the Ap- 
pendix we construct in detail the untwisted TQFT theory, which leads to a 
new result: if a Liouville domain M admits an exact embedding into an exact 
convex symplectic manifold X, and the boundary dM is displaceable in X, 
then the symplectic cohomology of M vanishes and the chord conjecture holds 
for any Lagrangianly fillable Legendrian in dM. The TQFT respects the iso- 
morphism between the symplectic cohomology of a cotangent bundle and the 
homology of the free loop space, so it recovers the TQFT of string topology. 



0.1. Motivation. Symplectic cohomology has become an important tool in sym- 
plectic topology. For example, it can be used to prove the existence of Hamiltonian 
orbits and Reeb chords, and it gives rise to obstructions to the existence of exact 
Lagrangian submanifolds and of exact contact hypersurfaces. 

Symplectic cohomology is an invariant of symplectic manifolds (M, d9) having 
nice boundaries. For a disc cotangent bundle of a closed manifold, S H* {DT* N) is 
the homology of the free loop space CN — C°° {S^ , N) , and Abbondandolo-Schwarz 
[2] proved that SH*{DT*N) has a "pair-of-pants product" which turns into the 
Chas-SuUivan loop product of string topology ^ on H^{CN). 

In his survey [33], Seidel mentions that it is possible to define the pair-of-pants 
product for any M, and more generally TQFT operations 

il:s ■■ SH*{M)'»i SH*{M)'»P {p>l,q> 0), 

by counting maps S ^ M from punctured Riemann surfaces S as in Figure [1] 
satisfying a perturbed Cauchy- Riemann equation, converging to closed 1-periodic 
Hamiltonian orbits at the punctures. 





p=2 




9 = 3 



Figure 1. Pair of pants P; cap C; genus 2 surface S with (p, q) ~ (2, 3). 

For closed symplectic manifolds such a TQFT was constructed on Floer cohomol- 
ogy by Piunikhin-Salamon-Schwarz [26 and Schwarz [32 over fields of characteristic 
2. For symplectic manifolds with boundary the construction is more difficult and 



Date: version: December 2, 2011. 



1 



2 



ALEXANDER F. RITTER 



no detailed construction is available in the literature: even the product has only 
been constructed in detail for cotangent bundles in [1]. 

Since the aim of this paper will be to construct a deformed TQFT on twisted 
symplectic cohomology, it has become necessary to fill this gap in the literature. 
Thus in the Appendix we construct the TQFT in great detail over any field. 

Applications arise from proving a vanishing result of SH*(M), for this reason 
the most important part of the TQFT is the unit and the product. Indeed SH*{M) 
vanishes if and only if the unit vanishes, since then y = y- l = y- = for any 
y S SH*{M). Secondly, if C M is a nice subdomain then there is a unital ring 
homomorphism called Viterbo restriction map, 

(fi : SH*(M) -> SH*{W). 

So if SH*iM) = then 1 = (^(1) = ip{0) = in SH*{W), and so SH*{W) = 0. 
This circle of ideas is due to Viterbo, Seidel and McLean [36 l [33 l [22 ] . 

0.2. Deformed operations. The aim of this paper is to construct a TQFT on 
the twisted symplectic cohomology SH*{M)a. This is an invariant constructed in 
[27] associated to a closed 1-form Q!eiJ^(£Af) on the free loop space, and for a = Q 
it recovers SH*{M). In fact it is the Novikov homology theory applied to SH* , 
which involves using twisted coefficients in a bundle of formal Laurent series rings. 

This twisting yields very concrete applications in symplectic topology, for exam- 
ple in :27 we used it to prove that there are no exact Klein bottles in T*S^. 

Unfortunately there is no TQFT structure on SH*{M)a in general because there 
is no canonical way of viewing surfaces in M (such as pairs of pants) as chains in 
CM. Even when a TQFT can be defined on SH*{M)a, it may not possess a unit 
for the same reasons that the Novikov cohomology of a manifold usually does not. 

Surprisingly, however, we prove that if the form a G H^{CM) is a transgression 
of a two-form r] € H'^{M), then the TQFT structure exists and possesses a unit. 

We prove that the restriction maps for twisted symplectic cohomology [27] . 

ip:SH*{M)^^SH*{W\\^^, 

are TQFT maps, in particular they are unital ring homomorphisms. Therefore, a 
vanishing result for SH*{M)n implies the vanishing of SH*{W)^\^.. This entails 
interesting applications, because by [27] for a simply connected closed manifold iV, 

SH*{T*N)r^ ^ Hn-*{CN)^ = for non-zero r/ e H'^{N). 

0.3. Topological quantum field theory. A TQFT 4 is a tensor functor from 
the category of 2-dimensional cobordisms between 1-manifolds to the category of 
vector spaces. We make this explicit in our setup: to a circle we associate the 
vector space SH*{M)^, the symplectic cohomology of M computed over a field IK of 
coefficients (twisted hy rj G H'^{M), when twisting is present). To the disjoint union 
of p circles we associate the tensor product SH*{M)®p of p copies of SH*{M)m 
and to the empty set we associate the base field K. On morphisms, the functor is 

(Punctured Riemann surface S) ^ (Operation ■ SH'*{M)®'i SH*{M)^p), 

where S represents a cobordism between p > 1 and q > circles (Figure [Ij. 
Functoriality means that ipz = id for cylinders Z : p = q = 1 and that compositions 
are respected: gluing surfaces along cylindrical ends yields compositions of V's maps. 
The TQFT is topological since ipS only depends on p, q and the genus of S. 



TQFT STRUCTURE ON SYMPLECTIC COHOMOLOGY 



3 



Theorem. SH*{M)n is a (1 + 1) -dimensional TQFT, except it does not possess 
operations for p — (so no counit). 

The ips are not defined for p = due to a non-compactness issue. Indeed if p = 
were allowed, then SH*{AI) would be finite dimensional, which is false for simply 
connected cotangent bundles. This differs from Floer cohomology of (suitable) 
closed symplectic M: p = is legitimate, FH*{M) = H*{M) is finite dimensional. 

We summarize the untwisted TQFT below (in 12.71 we prove SH^{M) is canoni- 
cally the dual of SH*{M), which had not been clarified in the literature before). 





Symplectic Cohomology 


deg 


Symplectic Homology 


deg 


H = Hamiltonian 
linear at oo 


SC'{H) = K:i- 

1-periodic orbity x 




SC,{H) = Yl ^'-"^ 

1-periodic orbits x 








d : SC'{H) -> SC'+\H) 
dy = ^ e„ X 

Continuation maps 

ip : SC'{H'^) SC*{H'"') 

f{y)= 
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5 : SC,{H) SC,-i{H) 
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Continuation maps 
SC,{H"') ^ 5a(i/"'') : f 


-1 
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slopes at oo : 
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Canonical map 
Viterbo restriction 
fW C M LiouvilleA 
V sub domain / 
String topology 


SH*{M) =\irnSH*iH) 
c* : H*(M) -> SH*{M) 
SH*{M) -* SH*{W) 
SH'iT'N) ^ H^-,{CN) 






SH,{M) = lim SH4H) 
c, : SH,iM) -> H,{M) 

SH,{W) -> SH4M) 
SH,{T*N) = H"-'{CN) 
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TQFT structure 
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TQFT structure 
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iJjc-.¥.^ SH'(M) 





Counit 

1,';^ : SH^M) -* IK 
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Identity 

iZ-z = id : SH*(M) SH*(M) 
Product 

jPp : SH*{M)»^ SH'{M) 





Identity 

= id : SH,(M) SH,{M) 

Coproduct 

lA^ : SH4]\I) 5iJ.(A/)®2 







(1,2,0) 










(2,1,0) 


Coproduct 

i'Q : SH*{M) SH*{iM f' 


2n 


Product 


-2n 


ID { j 


(3,2,4) 


'liJs : 5i/*(jl/)®' SH*(M)'^P 
degree = — 2n(l — g — p) 
p > 1, g > 




■ SH,{]\I)'^P -> 5i/.(A/)®9 
degree = 2n(l — g — p) 
p > 1, g > 





Corollary. There is a graded- commutative associative unital ring structure on 
SH*{M)n with product ^p p and unite = (defined also over integer coefficients) 

0.4. TQFT structure on ordinary cohomology. A TQFT structure exists also 
on the ordinary cohomology H*{M) if we use 1-dimensional cobordisms. Identify 
the ordinary cohomology with the Morse cohomology MH*{f) of any Morse func- 
tion f : M M. Replace surfaces S by directed graphs 5'. Consider for example 
the Y-shaped graph P' in Figure [T^ Assign a generic Morse function fi to each 
edge. The count of isolated negative gradient fiow lines along the graph defines 

i^p, : MH*{f2) ® MH*{f3) ^ MH*{fi). 

After identifications with ordinary cohomology, this is the cup product on H* (M). 
Indeed H*{M) is a (0 + l)-dimensional TQFT: to a point associate H*{M), and to 
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a cobordism between p + q points represented by a directed graph S' associate 

V's' : H*{M)®'i ~> H*{M)®P. 
This TQFT is weh- known, see for example Betz-Cohen and Fukaya |19) . 

0.5. Wrapped Floer cohomology. Wrapped Floer cohomology HW*{L) are in- 
variants of an exact Lagrangian L C (M, d0) having Legendrian intersection with 
dM. Special cases for M = T*N were introduced by Abbondandolo-Schwarz [I], 
the general definition arises in Fukaya-Seidel-Smith [20], and a detailed construc- 
tion is in Abouzaid-Seidel [3]. The construction in [3] is more complicated than 
ours because the authors' aim was to construct an Aoo-structure at the chain level. 

The construction of SH* (M) involves closed Hamiltonian orbits whereas HW* (L) 
involves open Hamiltonian orbits with ends on L. This open-closed string theory 
analogy is a dictionary to pass from SH* to HW*: we now use half the surface 
obtained after cutting Figure [T] with a vertical plane, so S has boundary compo- 
nents. We count maps u : S ^ M satisfying the Lagrangian boundary condition 
u{dS) C L, converging to open Hamiltonian orbits at the p + q punctures, yielding: 

Ws : HW*{L)®'' ^ HW*iL)®P. (p>l,g>0) 

One can also define open-closed operations by making r punctures in the interior 
of S. For a disc S — D with {p, q, r) ~ (1, 1, 1) this yields a module structure 

Wd : SH*{M) ® HW*{L) ^ HW*{L). 

This paper will introduce a new group: the twisted wrapped Floer cohomology, 
HW*{L),^, which depends on a closed two- form rj e H^{M,L). This recovers 
HW*{L) when rj = 0. Denote rJ the image of rj under H'^{M, L) -> H'^{M). 

Theorem. HW*{L)n has a TQFT structure, part of which is a unital ring struc- 
ture. It is an SH*{M)jf-module via Wd- Moreover, the Viterbo restriction maps 
HW*{L)n — >■ HW*{L n preserve the TQFT and module structure. 

Corollary. If SH*{M)rf^O then HW*{L)^^0. 

0.6. The Arnol'd chord conjecture. It states that a contact manifold containing 
a Legendrian submanifold must contain a Reeb chord with ends on the Legendrian. 
We always deal with the Legendrian dL of 10.51 

Theorem. If SH*{M)n = or HW*{L),j — then the chord conjecture holds, 
and for a generic contact form there are at least rank H* (L) chords. 

This applies for example to subcritical Stein manifolds M since SH*{M) = by 
Cieliebak 10.. In this example, the existence of one Reeb chord for any Legendrian 
K C dM is due to Mohnke 'SSl. We will also deduce that: 

Corollary. // AI admits an exact embedding into an exact convex symplectic man- 
ifold X , and the boundary dM is displaceable in X , then the chord conjecture holds 
for any dL, and generically there are rank H*{L) chords. 

Theorem. For L d M = DT*N , with N closed and simply connected, .such that 
H"^ (T* N) ^ H"^ {L) is not injective, the chord conjecture holds and generically there 
are > rank H*{L) chords. It also holds after attaching subcritical handles to DT*N . 

An ALE space M is a simply connected hyperkahler 4— manifold which at infinity 
looks like C^/G for a finite subgroup G C SL{2, C). It arises [28] by symplectizing 
nice M, such as the plumbing of copies of T*S^ by ADE Dynkin diagrams. 



TQFT STRUCTURE ON SYMPLECTIC COHOMOLOGY 



5 



Theorem. For any ALE space the chord conjecture holds for any dL and generi- 
cally there are at least rank H*{L) Reeb chords. 

0.7. Obstructions to exact contact embeddings. j : E^"^ ^ {M^'^,d9) is an 
exact contact embedding if there is a contact form a on S with a — j*9 — exact. For 
example, if L C A/ is a closed exact Lagrangian, then a Weinstein neighbourhood 
W = DT*L yields an exact contact hypersurface ST*L = dW M. Using the 
deformed TQFT we prove the theorem: (stronger results are discussed in lll.4l[ll.5|) 

Theorem. Let L,N be closed simply connected n-manif olds, n > 4. For any exact 
contact embedding ST* L ^ T*N , the following hold 

(1) H'^{N) H'^iL) is infective; 

(2) 7r2(i) — > n2{N) has finite cokernel; 

(3) if H^{,N) ^ then H^{L) ^ H^{W) for the filUng W of ST*L C T*N. 

0.8. Displaceability of contact hypersurfaces. By exploiting recent literature 
on the Rabinowitz-Floer cohomology RFH*{M) [11] [12], and after proving that 
RFH*{M) = iff SH*{M) = 0, we will deduce: 

Corollary. // dM is displaceable in the symplectization of M then SH* (M) = 
and there are no closed exact Lagrangians in AI . It also holds if M can be embedded 
into an exact convex symplectic manifold X, and dM is displaceable in X . 

0.9. String topology. On the homology of the space fiiV of based loops in N 
there is the Pontrjagin product, induced by concatenating loops to form figure-8 
loops. On the homology of the space CN of free loops in N, there is the Chas- 
Sullivan loop product [5]: given two families of loops, you form the family of all 
possible figure-8 loops obtained when the two base-points happen to coincide. 

Abbondandolo-Schwarz [1] proved that the products on HW*(T*N C T*N) and 
SH*{T*N) agree with the Pontrjagin and Chas-Sullivan products on H„~*{^N) 
and Hn-*{CN) via the respective isomorphisms. We extend the result to: 

Theorem. SH*{T*N)^ = iJ„_»(£iV)^ and HW*{T*N C T*N)^ ~ i?„_,(17iV)^ 
respect the TQFT structures, and the units are [N] and [base-poini\ respectively. 

Acknowledgement: I thank Alberto Abbondandolo, Mohammed Abouzaid, Gabriel 
Paternain, Matthias Schwarz, and Ivan Smith for many stimulating conversations. 

1. LlOUVILLE DOMAINS 

1.1. Definition. A Liouville domain (M^",aj ~ dO) is a compact exact symplectic 
manifold with boundary, such that the Liouville vector field Z defined by lo{Z, •) = 
points strictly outwards along the boundary dM . The form a — 9\dM is a contact 
form on dAl , and it defines the Reeb vector field TZ on dM by the conditions 

a{n) = 1, da{n,-) = 0. 

The closed orbits of TZ on dM are called Reeb orbits. For a generic choice of a 
(e.g. a generic choice of 9 subject to dO = w) the periods of the Reeb orbits form a 
countable closed subset of [0, oo), which we will assume. 

The symplectization M of M is obtained by gluing a symplectic collar onto dM : 

M ^M UoM [0, oo) X dM. 

The flow of Z for time r < parametrizes a neighbourhood (—£,0] x dM of dM. 
All data then naturally extends to M: Z = dr, ^ e^a, uj — d9. 
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Example. The disc bundle M ~ DT*N of a closed Riemannian manifold A^", in 
local coordinates {qi,Pi): = Y,Pi dqi, w = dpi A dqi, Z = Y,Pi-^^^ M = T*N. 

The flow of Z for time r e (—00, 00) defines the coordinate R — £ (0, 00) on 
M. We will use R instead of r from now on, so M = M U [1, 00) x dM. 

Let J be an oj-compatible almost complex structure on M. Let g ~ J-) 
denote the J-invariant metric. We always assume that J is of contact type: 

re^dR (for large i?). 

For H G C°°(M, R), define the Hamiltonian vector field X^Xnhy uj{-,X) = dH. 

We always assume H is C^-small and Morse inside M. So the only 1-periodic 
orbits inside M are constants: the critical points of H. We also assume that 
H = h{R) depends only on R on the collar. So X = h'{R)TZ, so 1-periodic orbits 
of X on the collar have constant R = R{x) and they correspond to the Reeb orbits 
y of period T — h'{R) via y{t) = x{t/T). We always assume h is linear for large R 
with generic slope, so no 1-periodic Hamiltonian orbits appear there. 

1.2. Action functional. Let CM = C°°{S^,M) be the space of free loops in AI. 
Let Ah denote the i/-perturbed action functional for x € CM, 

Ah{x) = - J x*9 + H{x{t))dt. 

The differential of at x G CM in the direction ^ e T^CM = C°°{S^,x*TM) is 

dAn ■ ^ ^ ^ lo '^(^' ^ ^ ■^') ^'^ ^^'^ critical points of Ah are the 1-periodic orbits 
x{t) =X{x{t)). Foranorbitxonthecollarin{i?}x(9A/,yljj(a;) = ~Rh'{R)+h{R). 

1.3. Floer trajectories. With respect to the L^-metric /J^ <;(•,•) the gradient is 
VAh = J{x- X). For M : R ^ CM, or equivalently m : R x 5"^ ^ M, the negative 
L^-gradient flow equation dsU = —VAh{u) in the coordinates {s,t) £ R x 5^ is 

dgU + J{dtu — X) — (Floer's equation). 

Let A4{x-,x+) denote the solutions u converging to 1-periodic Hamiltonian orbits 
x± at the ends s — > ±00. Then A4{x-,x+) = J^{x-,x^)/R. denotes the moduli 
space of Floer trajectories, where we have identified u{-, •) ^ u{- + constant, •). 

1.4. Energy. The energy of a Floer trajectory u G A4{x-, x+) is defined as 

E{u) = J\dsu\^dsAdt 

= / d9{dsU, dtu - X)ds A dt 

= J u*de ~ dH{dsu)ds Adt 

= /o - 9{i^) - H{x+) + H[x^)) dt 

= Ah{x-) - Ah{x+). 

Thus we have an a priori energy estimate (in terms only of the ends x± not of u). 

1.5. Transversality and compactness. Standard Floer theory methods [53] show 
that for a generic time-dependent perturbation {Ht,Jt) of {H,J) the 1-periodic 
Hamiltonian orbits are isolated and the moduli spaces AA{x-, x+) are smooth man- 
ifolds. The time-dependence of Ht actually only needs to be switched on near 
the ends, so as to guarantee that the Hamiltonian orbits are isolated (and non- 
degenerate). Write Mk{x-,x+) for the /c-dimensional part of M{x-,x+). 
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Lemma 1 (Consequence of Lemma 181]) . Solutions of dsU + J{dtu — X) = con- 
verging to x± at the ends are entirely contained in the region R < maxR(x±). 

By this maximum principle, the Floer trajectories in A4{x^,x+) stay in a com- 
pact region of M . Thus we reduce to checking whether the compactness proofs that 
hold for closed symplectic manifolds (e.g. Salamon |29j) are applicable. Indeed, we 
have the two sufhcient requirements: an a priori energy estimate and a reason 
to exclude the bubbling-off of J-holomorphic spheres (there are no non-constant 
J-holomorphic spheres by Stokes's theorem since uj — d0 is exact). 

Therefore, the moduli spaces Ai{x-,x+) have natural compactifications, whose 
boundaries are described by broken Floer trajectories (see Figure [S]) . In particular 
A4q{x-, x+) is already compact, so it is a finite set of points (isolated solutions). 

Convention. We write (H, J) even though one actually uses a perturbed {Ht, Jt). 

2. Symplectic cohomology and symplectic homology 

2.1. Symplectic chain complex. Pick a base field K. Let SC*{H) denote the 
K- vector space generated by the 1-periodic orbits of X, 

SC*{H) = {Ka; : a; e LM , x{t) = X{x{t))] . 

The differential d is defined on generators by counting isolated Floer trajectories, 

dy ^ ^ e« X 

ueMo(x,y) 

where e„ G {±1} are orientation signs (see Appendix I16|). and extend d linearly. 
By convention, the constant solution u(s,t) — y[t) S Mo{y,y) is not counted. 

A standard argument 29 shows that dod = 0. When gradings are defined (|2.6I) . 
dimA4{x,y) — \x\ — \y\ — 1, so we require \x\ — |y| = 1 in the above definition. 

2.2. Continuation maps. Let Hg, Jg depend on s, relative to the ends [Hg = H±, 
Js = J± for large \s\). The moduli space A4^''{x-,x+) of Floer continuation 
solutions consists of the solutions v : M. x ^ M oi dgV + Js{dtv — Xh^) = 0, 
which converge to -orbits x± as s ^ ±oo (without making any identifications 
of solutions). The maximum principle (Lemmal81|) holds for monotone homotopies: 

for large R we assume: = hs{R), dgh'^ < 0, Jg of contact type. 

Say this holds for R > Rq, then all v G Ai^'' (x_, x+) are contained in the compact 
C defined by i? < max(_R(x_), i?(a;+), -Rq)- Suppose that Hs,Js are s-dependent 
only for a < s < b, then we get an a priori energy estimate for all v G A^^= {x-, x^), 

E{u) = J \dgv\l^ ds A dt 

= AH_ixl)-AH^ix+)+ J{dgHg){v)dsAdt 

< AH_ix-) - Ah_i_{x+) + (6 - a) ■ sup^gc \dsHs{m)\. 

Therefore for generic Jg and after a C^-small time-dependent perturbation, the 
A^^= (x-, a;+) are smooth manifolds with compactifications by broken trajectories. 

For monotone Hg, counting isolated Floer continuation solutions defines a con- 
tinuation map (fi : SC* SC* (H^). On generators 
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where e^, S {±1} are orientation signs (see Appendix I16|). Then extend Hnearly. 
A standard argument [29) shows that is a chain map. When gradings are defined, 
dim A^^= a;+) — \x^ \ — so we require = in the above definition. 

Lemma 2 (for example [27J. Changing the monotone homotopy (-ffg, Js) changes ip 
by a chain homotopy. So on cohomology ip : 5-ff*(-ff+) — )■ SH*{H-) is independent 
of {Hs,Js). Also p equals any composite SH*(H-^-) — SH*{K) — >■ SH*(H^) 
induced by the continuation maps for monotone homotopies iJ_ to K and K to 
The constant homotopy Hg = H induces the identity on SH*[H). If H± are 
linear at infinity with the same slope then p is an isomorphism on cohomology. 

2.3. Hamiltonians linear at infinity. Let be any Hamiltonian equal to 
mi? + constant for large R (generic m > 0). By Lemma[2l SH*{H"'') only depends 
on m and continuation maps SH*{H™) SH*{H™ ) exist for m < m' . 

2.4. Symplectic cohomology. Define the symplectic cohomology by 

SH*{M) = SH*(M) = lui^SH*{H), 

where the direct limit is taken over the continuation maps between Hamiltonians 
linear at infinity. In particular, SH*{M) = lin^ SH*{H"^) for any sequence m — ;> oo. 

In Appendix [T7] we mention the construction of SH*{M) using just one Hamil- 
tonian which is non-linear at infinity. This makes many arguments unnecessarily 
complicated (see ll7.2"|) so for now we assume our Hamiltonians are linear at infinity. 

2.5. Invariance under symplectomorphisms of contact type. Let Af, N be 

Liouville domains. A symplectomorphism (p : AI — > iV is of contact type if 

ip*6N ~ 9m + c?(compactly supported function). 

It follows that at infinity (p{e^,y) — {e^~^''y\^{y)), where y S DM, for a smooth 
/ : dM — >■ R and a contact isomorphism ip : dM — >■ dN with ip*aN = olm. 

Under such a map ip : M ^ N, the Floer solutions on for {H,d9]y,JN) 
corresponds precisely to the Floer solutions on M for ((/?*-ff, d9M ^^p* Jn)- However, 
for H on N linear at infinity, p}*H{e^,y) ~ h{e^~^^y^) is not linear at infinity. 

So SH*{N) is isomorphic via p>* to SHJ{M) = lmiSH*{Hf) calculated for 
Hamiltonians of the form Hf ~ h{R-f), with Rf — e''^^'-^^ using almost complex 
structures J satisfying J*d9 ^ dRf. It still turns out that SH*{M) ^ SHj{M). 
This is proved by a continuation argument by homotopying / to zero and proving 
a maximum principle for Rf o u for such homotopies (e.g. see |28( Lemma 7]). 

Lemma 3. A contact type p -.AI = lV induces p* : SH*{M) = SH*{N). 

2.6. Grading of symplectic cohomology. When we use a Z-grading on SH*{AI) 
we assume that ci(Af) = 0, which ensures the following index | • | is defined. 

Since ci(A/) — 0, we can pick a trivialization of the canonical bundle /C — 
K'^'^T*M . Over any 1-periodic Hamiltonian orbit x, trivialize x*TM so that it 
induces an isomorphic trivialization of K. Let 0t denote the linearization Z)iy9*(7(0)) 
of the time t Hamiltonian flow written in a trivializing frame for x*TM . 

Let sign(t) denote the signature of the quadratic form aj(-, dt4>f) ■ ker((/>t — id) 
R, assuming we perturbed (f>t relative endpoints to make the quadratic form non- 
degenerate and to make ker((/)t — id) = except at finitely many t. 

The Maslov index /x(7) of 7 is ^(7) — ^ sign(O) -I- J2o<t<i sigii(i) + 5 sign(l). 
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The Maslov index is invariant under homotopy relative endpoints, and it is ad- 
ditive with respect to concatenations. If (j)t is a loop of unitary transformations, 
then its Maslov index is the winding number of the determinant, det(/>4 : fC IC. 
For example (j)t = e^'^** G U{1) for t e [0, 1] has Maslov index 1. 

The Z-grading on SH*{M) when Ci(M) = is the Conley-Zehnder index: 

I I dim(M) _ . ^ 

When ci{M) ^ this still defines a Z/2Z grading since the Conley-Zehnder 
indices will change by an integer multiple of 2ci(Af) when we change the trivializa- 
tion over a Hamiltonian orbit. In particular, Koszul signs (— l)'^' are defined (see 
116. ISp . We refer to Salamon 29 for a detailed exposition on gradings. 

Remark 4. Our convention ensures that \x\ equals the Morse index of x when x is 
a critical point of a -small Morse Hamiltonian H . This ensures that the unit of 
SH*{M) lies in degree 0, and the product is additive on degrees. This differs from 
Schwarz's convention [32j . ||a;|| = n — indMorse{x), which explains why the index of 
LemmaMis -J2\\xa\\+i2\\yb\\+n-x{S) in [32], with x{S) ^2-2g-p-q. 

2.7. Symplectic homology. In the notation of 12.11 define: 

SC^{H) ^ll{Zx:xe CM, x{t) = Xnixit))} 

6 : SC^{H) ^ SC^-i{H), Sx ^ e^y (compare[2ID 

u£MQ(x,y) 

(fi^ : SC^,iH_) 5'C*(i/+), = ^ £vX+ (compare [221) 

SH^ (M) = 1^ SH^ (H) (compare El) . 

Notice we count solutions fiowing out of a generator not into. This reverses all 
maps, so the symplectic homology is the inverse limit over continuation maps. 

2.8. Symplectic homology is the dual of symplectic cohomology. This sec- 
tion aims to clarify once and for all the relation between symplectic homology and 
symplectic cohomology, a distinction in terminology which so far had been used in 
the literature only to distinguish various conflicting sign conventions. 

Observe that SC^{H) = }iom{SC* {H),K) canonically and that the differentials 
5, d are dual to each other, indeed on generators: (5a; = ^ A,j. y y and dy = J2 ^x,y x 
where A^^y = ^A4o{x,y) (count the elements u with signs Thus S,d are rep- 
resented by the matrices {Ay,^), (A^^y), which are transpose to each other. Thus 
SC^{H) is canonically the dual of SC*{H), and so by universal coefficients SH^,{H) 
is the dual of SH* [H) and comes with a canonical isomorphism 

SH^{H) Hom(S'i7*(i?),K). 

Similarly, ip^ : SC^H^) SC^{H+) is dual to ip* : SC*iH+) ^ SC*{H^) (1^ . 

Theorem 5. Symplectic homology is canonically dual to symplectic cohomology: 

SH,{M) = SH*{My. 

Proof. Using the above canonical isomorphisms, we get the commutative diagram 

SH, {H+ ) ^ Hom(S'iJ * {H+ ) , K) 

SH, (i7_ ) ^ RomiSH* (iJ_ ) , K) 
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By category theory, Honi(lin^Mi, N) = ^iniHom(Afi, A^), for any module N and any 
directed system of modules Mi. Using SH*{H),K in place of Mi, N, we deduce 

SH*{My = llom{SH*{M),K) = limHom(S'iJ*(i/), K) = \hn SH^H) = SH^{M) 

using the commutative diagram to obtain the third identification. □ 

Corollary 6. Symplectic cohomology is if and only if symplectic homology is 0. 

3. Wrapped Floer cohomology 

3.1. Lagrangians inside Liouville domains. Let {M^^,d9) be a Liouville do- 
main. Let i" C M be an exact Lagrangian submanifold with Legendrian boundary 
dL = LndM such that this intersection is transverse. Exact Lagrangian means the 
pull-back 9\l — exact. Legendrian means TdL C kera, or equivalently 9\ql = 0. 

We strengthen the last condition: the pull-back 9\l = df vanishes near dL. This 
stronger condition can always be achieved for the new data obtained after deforming 
i by a Hamiltonian isotopy of M relative to dM (see [3, Lemma 4.1]). 

This condition ensures that near dM, L has the form (interval) x dL in the 
coordinates (0, oo) x dM C M of ll.ll We extend L to the non-compact Lagrangian 

L = LU ([l,oo) X dL) C M, 

with 9\jj = df, and / locally constant on L\L since ^Ij^y^ = 0. 

Example 7. The fibre L — T*N inside M — T*N for a closed manifold N , where 
M — DT* N . More generally, the conormal bundle of a proper submanifold S C N : 

L = N*S= {{q,p) : q G S,p\t,S = 0} C T*N. 

3.2. Hamiltonian and Reeb chords. A Hamiltonian chord is a map 

X : [0, 1] M, with i{t) = XH{x{t)) and ends a;(0), x{l) £ L. 

A Reeb chord of period T is a map 

y : [0,T] dM, with y{t) = n{y{t)) and ends y(0),2/(l) £ dL. 

Let denote the time t flow of A" = Xh- The Hamiltonian chords correspond to 
the intersections if>\j{L) n L. We choose H such that on i? < 1, iJ is C^-small and 
Morse, and on i? > 1, iJ = h{R), h' > 0, and /i' = m for i? > 0. It follows that: 

Lemma 8. The Hamiltonian chords in the collar correspond to Reeb chords y of 
period T < m via x ■(-> {y, R), where h{R) — H{x), y{t) ~ x{t/T), T — h'(R). 

Lemma 9. For generic m, H, L, there are only finitely many Hamiltonian chords. 

Proof. Unlike the SH*{H) construction, we will not need to make time-dependent 
perturbations of H. However, we need to allow perturbations 'il'{L) of L by a 
compactly supported Hamiltonian flow ■0 (one can alternatively view this as keeping 
L fixed but perturbing H to H o ip~^, at the cost of losing Lemma[8]). For generic 
m > there are no Reeb chords of period m (by a Sard's Lemma argument). After 
a small generic (time-independent) compactly supported Hamiltonian perturbation 
of H,L one can ensure the Hamiltonian chords are non-degenerate, that is ip\j{L) 
is transverse to L ( 3] Lemma 8.1]). Thus the Hamiltonian chords are isolated. □ 
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3.3. Action functional. Consider the space of smooth paths with ends in L: 

n(M,L) = {x e C°°([0,1],M) :a;(0),a;(l) el}. 
Define Ah : n{JI,L) M analogously toO 

Ah{x) = f{x{l)) - /(x(0)) - 1^*0 + H{x{t)) dt. 

The motivation for the first three terms is that they would arise by Stokes's theorem 
from J u*u! if u were a disc with boundary in L U image(x). This ensures that 

cLAh-^^- Ja x-X) dt, 

where ^ e TM(M,L) = e C°^{[0,llx*TM) : ^(0),C(1) G TL}. 

Therefore the critical points of Ah are the Hamiltonian chords. For Hamiltonian 
chords X on the collar, Anix) = /(x(l)) - /(a;(0)) - Rh'{R) + h{R). 

3.4. Wrapped trajectories. Pick J, g as in ll.ll The solutions it : M — 0(M, L) 
of dsU = —VAH are the solutions u : M x [0, 1] ^-M of dgU + J{dtu — X) = 0, with 
Lagrangian boundary conditions ■ti(-, 0), 1) G L. Let >V(a;_,x+) denote the so- 
lutions converging to x± at the ends s — ^ ±oo. Let 'W{x-,x+) = yV(x_ , de- 
note the moduli space of wrapped trajectories, identifying u{-, ■) ^ u{- + constant, •). 

Remark 10. These are the same moduli spaces one would study to define the La- 
grangian Floer homology HF*{if\j{L), L). Indeed wrapped trajectories u{s, t) corre- 
spond precisely to pseudo-holomorphic strips with boundaries in ip\j{L) and L, that 
is solutions u : R x [0, 1] Af of dsV + Jtdtv = 0, converging to v(±(X), ■) = x± ^ 
iPniL) n L, where Jt = dip]^* o J o dip*^^ . Proof. Let v{s,t) = ip]f*{u{s,t)). □ 

3.5. Energy. The energy of u G yV(x_,x+) is defined as E{u) — J |c)sUp ds A dt. 
The same calculation as in ll.41 using 6\j^ — df, yields E{u) = Ah{x-) — Ah{x+). 

3.6. Transversality and compactness. Just as in the Floer case, a generic time- 
dependent perturbation of J ensures that W(a;_,a;+) are smooth manifolds. 

Lemma 11 (Maximum principle, see ll5.22|) . All wrapped trajectories in W(a;_, x+) 
land entirely in the region R < max{R{x^), R(x+)). 

This and the energy estimate 13.51 implv that yV{x-,x+) have compactifications 
by broken wrapped trajectories (no non-constant J-holomorphic spheres or discs 
with boundary in L can bubble off since d9, 9\j^ are exact). Indeed the analysis of 
yV{x-, x+) reduces to the known case of Lagrangian Floer homology (Remark [TO)l . 

3.7. Wrapped Floer cohomology. Pick a base field K. The wrapped Floer 
complex CW*{H; L) is the IK- vector space generated by the Hamiltonian chords, 

CW*{H;L) = 0{Kx : x £ n(M,L), x{t) = Xnixit))} , 

whose differential d on generators counts isolated wrapped trajectories, 

= ^ Cu X, 

where e„ S {±1} are orientation signs (see [3]). The constant solution u{s,t) = 
y{t) G yVo{y,y) is not counted. That = is a standard consequence of 13.61 We 
can HW*{L-H) = H^{CW*{H-L)-d) the wrapped Floer cohomology for H. 
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Remark 12. For K = Z/2Z orientation signs are not necessary. In general, if 
the Stief el- Whitney class W2{L) = S 7f^(L;Z/2) and the relative Chern class 
2ci{M,L) = e ij2(M,L;Z) then [57 orientation signs are defined and there is a 
grading on Hamiltonian chords such that dim W(a;_,a;+) = |a;_| — jcc+l — 1. 

Remark 13. Via Remark\M HW*{L; H) = H F* {(pj^ (L) ,L) . Because of the non- 
compactness of M , this heavily depends on H: as the slope m oo, ip\j{L) wraps 
more and more times around L giving rise to more chain generators (intersections). 

As in 12. 2[ a monotone homotopy Hs defines a wrapped continuation map ip : 
HW*{H^; L) — > HW*{H^; L) by counting wrapped continuation solutions. These 
are solutions v : M x [0, 1] — > AI of dgV + Js{dtv — XhJ = with Lagrangian 
boundary conditions 0), «(•, 1) G L, converging to Hamiltonian chords on the 
ends s — )■ ±cx). The a priori energy estimate for wrapped continuation solutions 
is the same as in 12.21 and the maximum principle holds bv ll5.22l This implies the 
smoothness and compactifiability of the moduli spaces and the analogue of Lemma 
m Thus HW*{L;H) only depends on the slope m of ff at infinity, and as in 12.31 
for m <m' there is a wrapped continuation map HW*{L; if™) HW*{L; iJ™ ). 

Definition. Define the wrapped Floer cohomology by 

HW*{L) = \u^HW*{L;H), 

taking the direct limit over wrapped continuation maps between Hamiltonians linear 
at infinity ([231). So HW*{L) = \im HW*{L] H"") for any sequence m -J> oo. 

4. Canonical c* maps from ordinary cohomology 

For S > smaller than all Reeb periods, consider as in 12.31 If is Morse 
and C^-small on M then SC*{H^) reduces to the Morse complex for , generated 
by Crit(_ff'') and whose differential counts —VH^ trajectories (see ll4.3|) . The Morse 
cohomology is isomorphic to the ordinary cohomology, so SH*{H^) = _ff*(i\f;K). 
Since is part of the direct limit construction, we automatically obtain a map 

c* : H*{M;K) SH*{M). 

We often write H*{M) instead of H*{M; K). The analogue for the wrapped case is 

c* : H*{L;K) HW*{L). 

This arises from c* : HW*{L;H^) HW*{L), where is as above so that ah 
intersections (p^^ (L) nL lie inside M . By Lemma [TTl all wrapped trajectories lie in 
M, so we reduce to a compact setup with co — dO. By Remark \T3\ HW*{L; H^) = 
H F* {(f^^s (L) , L) , and by Floer [16] this is isomorphic to the Morse cohomology 
MH*{L;H^). The idea is: ip]js{L) lies in a Weinstein neighbourhood W ~ DT*L 
of L so it is the graph((ifc) C DT*L of a function k e C°°{L). The intersections 
(p^a(L) n L correspond to Crit(fc), and by an implicit function theorem argument, 
if is C'^-small in A/, the evaluation u H> u(s, 0) sets up a bijection between 
pseudo-holomorphic strips in M with boundary in L and — Vfc trajectories in L. 

5. TQFT STRUCTURE 

In the Appendix we carry out the detailed construction of the (untwisted) TQFT 
structures on SH*{M) and HW*{L), which we summarize here. 
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Let {S,j) be a Riemann surface withp > 1 negative and q > positive punctures. 
The complex structure j is fixed. Fix cylindrical parametrizations s + it near the 
punctures (the cylindrical ends). Pick a one- form f3 on S with d/3 < and with 
j3 = hadt, (3 = kh dt on the ends for some constants ha,kh > called weights. 

The moduli space A4{xa',yb',S,/3) of Floer solutions consists of smooth maps 
u : S ^ M, with du — X /3 holomorphic, converging on the ends to Hamiltonian 
orbits Xa,yb for haH, kbH. Generically 7W(xa; j/b; 5, /3) are smooth manifolds and 
have compactifications by broken Floer solutions. When gradings are defined, 

diuiM{xa;yb; S,I3) \^a\ - J2 Ivbl + 2n(l - g -p). 

Fix and an iJ G C°°(M,R) as in El Define Vs : ®UiSC*{kbH) 

^^^iSC* (haH) on the generators by counting isolated Floer solutions 

^/'s(yi "Xi • • • 18) y<j) = ^ euXi®---®Xp, 

ueMo{xa;yb\S,p) 

where G {il} are orientation signs (Appendix I16p. Then extend ips linearly. 
The Vs are chain maps. On cohomology, -05 : ®l^^SH*{kbH) ^^^^^SH* (haH) 
is independent of the choices (/3, j, J) relative to the ends. Taking direct limits: 

i^s ■■ SH^M)®" ^ SH*{M)®P (p>l,g>0). 

So SH*{M) has unit V'c(l), product ipp, coproduct i/'q, but no counit since p>l. 

For SH^ aU arrows are reversed: : ^l^^SC^{haH) (^l^^SC^{kbH), 
i{}^{xi(E- ■ ■®Xp) = J2^u yi®- • -(Siyq over u S Mo{xa;yb', S, 13). Take inverse limits: 

^^■.SH,{M)®P^SH,{M)®^ {p>l,q> 0). 

So SH^.{M) has counit V''", product V*^, coproduct ip^ , but no unit since p > 1. 

In the wrapped case, the surface S has boundary and it is parametrized by strip- 
like ends near the punctures (115. 2ip . The moduli space W{xa', yb] 5*, /3) of wrapped 
solutions consists of smooth maps u : S ^ M with u{dS) C L, with du ~ X ® (3 
holomorphic, converging on the ends to Hamiltonian chords Xa,yb for haH, kbH. 

In the Appendix we prove that we obtain TQFT maps independent of /3, j, J: 

Ws : HW*iL)®'^ ^ HW*iL)'^P ip>l,q>0), 

and we construct the module structure of HW*{L) over the ring SH*{M). 

In ll5.20l we describe the TQFT on H*{M) (and dually H^{M)) via Morse theory. 

We postpone to section [14] the following result, which is quite tricky to prove. 
As far as we know this has been neither proved nor observed in the literature. 

Theorem 14. c* : H* (M) ^ S H* (M) , c^: SH^{M) ^ H^{M) respect the TQFT so 
they are unital ring maps (cup product on H*{M), intersection product on H^{M)). 

6. Twisted theory 
6.1. Novikov bundles. The Novikov algebra A over K in the formal variable t is: 
A = { J27Lo ^"^^ fo'" any kj e K, Oj G K, with lim Oj = oo}. 

Let a be a smooth real singular cocycle representing a class a G iJ^(£M;M) of 
the free loop space CM = C°°{S^,M). The Novikov bundle A^ is a local system 
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of coefficients on CM: over a loop 7 its fibre is a copy A-y of A, and the parallel 
translation over a path u in £Af connecting 7 to 7' is the multiplication isomorphism 

A^ ^ A^.. 

Here a[-] : Ci{CM ; K) — > K. denotes evaluation on smooth singular one-chains. Ex- 
plicitly for a de Rham 1-cocycle a, on a smooth path u : / = [0, 1] — > £M, 

a[u\ — Jj u*a — a(dsu) ds. 

Changing a to a + df yields a change of basis isomorphism x i-> t^^^^^x for the local 
systems, so by abuse of notation we write A^ and a[u\ instead of A^ and a[u\. 

6.2. Transgressions. Let ev : CM x ~^ CM be the evaluation map. Define 

T = TT o ev* : H"^ (M; R) {CM x S^;R) {CM; M) , 

where tt is projection to the Kiinneth summand. This is an isomorphism when M 
is simply connected. Explicitly, for a de Rham ry G i?^(A/;R) and a path u C CM, 

Tr][u] = J r/{dsU, dtu) ds A dt. 

In particular, t{vi) vanishes on time-independent paths in CM , so c*A^^ is trivial 
when we pull-back by the inclusion of constant loops c : M ^ CM. 

More generally, T{r\) evaluated on a Floer solution u: S ^ M \& defined by 

^'7N = Is ^*^- 

This integral is finite despite the non-compactness of S because of the exponential 
convergence of u to the asymptotes (Lemma lS^ . Indeed, on an end, \dsu\ < ce^'^'^l, 
dgU + J{dtu — C ■ X) — and |?7(m)| < C for some constants c, S, C, C". Thus, 

l^^vidsU,dtu)dsAdt < C'-l^^ \d,u\-\dtu\ < C'-l^^ce-'\^\{ce-'\^\+C\X\) < 00. 

6.3. Twisted symplectic (co) homology. Now introduce weights corresponding 
to a € H^{CM;M.) = H^{CM;R) in the construction of [O (for details, see [27]): 

SC*{H)^ = SC*{H;A^) = {Aa; : x € CM, x{t) = XH{x{t))] 

dy= e„i"l"la; (see[2T|) 

u£Mo{x,y) 

SH*{H)a, = SH*{H;AJ = H,{SC* {H; AJ; d) 

(p : SC*{H+)a SC*{H^)a, (f{x+) = ^ e„ x^ {see^. 

For {M,de;a), define SH*{M)a = SH*{M;A^) = limSH*{H)a, taking the 
direct limit over the twisted continuation maps ip above (compare 12. 4p . 

Inserting the local system of coefficients c*A^ in MH*{H^) in section 2] yields 
c* : H*{M;c*AJ SH*{M;AJ. For a = T{r)), c*A„ is trivial so 

c* ■.H*{M)®A^SH*{M;A^^). 

We sometimes abbreviate H*{M;AJ by H*{M)a, and H*{M) ® A by H*{M). 
The construction of SHi,{M)o, is dual to the above, using weights f-^'l^] ^f-o^M ^ 
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6.4. Twisted TQFT. From now on, use a ~ rrj (|6.2|) . In 16.51 we mention other 
options. Abbreviate SC*{H)n = SC*{H;A^^), SH*{H)r, = SH*{H;A^^). Define 



6=1 a=l 
-05(2/1 ® •••®2/g) = X! 



(compare 115. lOp 



Theorem 15. 

(1) The weights Tri[u] = JgU*-!] are locally constant on Ai(xa',yb', S, l3). 

(2) The weights Tr][u] are additive under the breaking of Floer solutions: if ux 
converge to a broken solution or then Tr][ux\ — Tr][v] + Tr][u]. 

(3) Tri[-] is constant on components of the compactification of M(xa',yb', S, f3). 

Proof. Suppose w{- , ■ , X) — u\{- , ■) is a. smooth path of solutions in A4{xa; yb] S, 
A G [0, 1]. Now drj = 0, since 77 is a closed form, so (1) follows by Stokes: 



= / w*dri^ / / u'^ri ^ Tri[ui] - Tri[uo]. 

JSx[0,l] JS JS 

To prove (2), consider a smooth family w(-, •, A) = ua G A4{xa', yb', S, P) which is 
parametrized by A G [0, 1), such that ux — > m#w as A 1 (the case v^^u is similar). 
Fix e > 0. Pick a large c > so that the restrictions u', v' of u, v to the complement 
of the neighbourhoods (—00, — c) x S"^, (c, 00) x of all the ends of it, v satisfy 

|r?7[u] + Tri[v] — Tri[u'] — T77[i;']| < e. 



This is possible by the calculation of 16.21 which shows that the integrals evaluated 
near the ends are arbitrarily small because u, v converge exponentially fast. 

Denote by the analogous restriction of ux- The domain of u'^ is compact so, 
by Lemma [88l converges C^-uniformly to u'. Moreover there exist sa G K such 
that v'^{s, t) = ux{s + SA, i)|sG[_c.c] converges C^-uniformly to v' . So for large c. 

Since e > is arbitrary, to conclude the proof of (2) we show that for large c 
hviu'x] + Tr/K] - TTjiux]] < e. 

By Lemma [82l near the ends \dsu\ < Ce""^'"' and \dsv\ < Ce"*'*' for some 5, C. 
For large c, these hold at |s| = c, which are the boundaries of the domains for u' ,v' . 

Thus, on an end of u, say K = (—00, — c] x S^, apply Stokes's theorem to Kx [A, 1] 
as in (1) to deduce that | u\ri — u*ri\ = \ \s\=c'^*^^''^\^ This quantity is 

arbitrarily small for large c, A by the calculation of 16.21 since |9sU^| is bounded by 
Ce~^'^ for large /i. Similar inequalities hold for the other ends of u and v. 

Finally, we need to consider what happens near the breaking. So on the end 
where the breaking occurs, define wx{s,t) = ux{s,t)\s(z[c.-c+sx]- the boundaries 
s = c, s = — c + sx the wx converge C^-uniformly to u{c,t), v{—c,t) respectively, 
so we can assume that dsWx is bounded by a constant multiple of e~^'^ for large A. 
Apply Stokes's theorem to U^g[A,i](c, — c + s^) x x {fi} as in (1) to deduce: 



WxV 



u rj 



V T] 



/iG[A,1],s=c 



/je[A,l],s = — c+s^ 
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which again is bounded by a constant multiple of e and so is arbitrarily small 
for large c. Thus (2) follows, and (3) follows from (1) and (2). □ 

Theorem 16. The twisted TQFT map ijjs is a chain map, so it induces a map 
ipS ■ ®bSH* {k}jH)n (E>aSH* (haH)ri independent of the choice of data {l3,j,J) 
( Theorem \89^. For cylinders Z the ipz o,fs twisted continuation maps (Example 
\80^ . Gluing surfaces corresponds to compositions { Theorem \9 1\ . The -tps maps are 
compatible with the twisted continuation maps ( Theorem \93\i . In the direct limit, 

i>S ■■ SH*{M)®'i ^ SH*{M)®P {p>l,q> 0). 

Proof. The claims involve the same moduli spaces used to prove the untwisted 
results (Appendix) . The fact that we count the moduli spaces with correct weights 
follows by Theorem 1151 broken solutions appearing on the boundaries dA4 of a 
connected component of a moduli space are counted with equal weights. □ 

Corollary 17. SH*{M)jj carries a twisted TQFT structure, in particular it is a 
unital ring. The map c* : H*{M)>S)A — >■ SH*(AI)jj of \6.3\ resvects the TQFT, using 
Morse operations on H*{M). In particular the unit is e — c*(l) € S'i/°(M)^. 

Proof. The proof is analogous to that of Theorems [95] and [HI which is proved 
via Lemma 1791 We only need to insert appropriate weights. In the notation of 
Definition [75l define the twisted versions of the maps <j>, ip on generators as follows: 

(j) : SC* {H^)n-^ MC* (/) ® A ^ : MC* {f)®K-^ SC* {H% 

image ( t; u ) C M 

The weights for Morse solutions v are redundant: = i since cow only 

depends on one variable (see 16.21 on why c*A^,j is trivial). However, inserting these 
trivial weights makes it clear that the proof of Theorem [15] can be applied to the 
above moduli spaces: the weights are locally constant on A4'^{x,y), j\4^{y,x). □ 

Lemma 18. The TQFT structure is independent of the choice of representative 
rj 6 II^{M] M).' changing rj to ij + df for f G C°°(M, M) yields a change of basis iso- 
morphism X ^ t^ ^ ^ ^ X which respects the twisted TQFT operations on SII*{M)fj. 

Theorem 19. Aip:M = N of contact type induces tp* : SH*{M)a = SH*{N)^_^a- 
For a ~ Trj, (p* respects the twisted TQFT structure: (pf^ o ^s,M = "fpS.N ° 

Proof. In Lemma [3] and Theorem [M] insert weights t"^^^ in the definition of the 
continuation maps defining ip^, : SII*{M) ^ SII*{N), and apply Theorem [TSl □ 

6.5. TQFT structure for other twistings. For general a £ II^{CM), it does 
not seem possible to define the TQFT structure on SII*{M)a. Naively one might 
divide S into cylinders, the restrictions of u yield 1-chains in CM, then evaluate a 
and add up. This depends heavily on choices and will not yield an invariant TQFT. 
We can construct the twisting in two cases: (1) for a — Trj for rj e Il'^{M) taken 
from the universal cover M\ and (2) for pull-backs a = ev*/Lt of a 1-form n S H^{M) 
under evaluation at 0, ev : CN — > N . For (2) we obtain a TQFT with no unit, 
whereas for (1) we obtain a TQFT with unit after restricting to contractible loops. 
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6.6. Twisting by 2-forms from the universal cover. Let M be the universal 
cover of M . Then r : H'^{M) -> H^{CM) is an isomorphism, and 

H\CM) = Hom(iJi(/:M),Z) = Hom(7ri(/:M), Z) = Hom(7r2(M), Z), 

(via evaluation of rrj on 1-chains). For the component CqM of contractible loops: 

H^{CoM) ^ Hom(7ri(/:oM),Z) = Hom(7riM k 7r2Af,Z) = Hom(iJiAf x 7r2M,Z). 

Via these, H^{CM) c H^{CoM), so we can define SH*{M)^ = SH*{M;A^~), 
which comes with c* : H*{M) « A ^ SH^{M)^. Restricting to CqM as in ll5.13l 

Theorem 20. SH^{M)jj is a TQFT with unit ipcC^) G SHS{M)jj and c* respects 
the TQFT. The analogues of Theorems\M\M\Mhold. 

Proof. Let a denote a singular 1-cocycle representing the image of rry in H^{CoM). 
Pick as base point for CqM the constant loop to at a point in M. 

Let M : 5 ^ M be a Floer solution whose ends Xi are contractible Hamiltonian 
orbits. Pick maps C — >■ M, whose images are caps Ci which contract Xi down to 
TO. An appropriate gluing a = {LiCi)^u{S) defines a sphere a : ^ M. Now a 
corresponds to a homomorphisni '!T2{M) — > Z under the identification H^{CoM) = 
Honi(7riA/ x 7r2Af, Z) {a vanishes on ni{M)). Thus a[a] is defined (using that 
jCqM ~ jCqM are homotopy equivalent). 

Parametrizing C by polar coordinates, the caps Ci can be viewed as paths in 
CqM from m to Xi. So Ct is a singular 1-chain in CqM and a[Ci] is defined. Let 

rj[u] = a[cr] + ^ ±a[Ci], 

± is the sign of the end Xi of u. We now check this value is independent of choices. 

Suppose we change a negative cap C to C", so the sphere a changes to a new 
sphere a' . Viewed in CqM, the gluing a" — C'^f" — C is a sphere in M but also a 
sum of two 1-chains in CqM, and under our identifications, 

a[a"] = a[C'] - a[C]. 

In 7r2(M), the equality a" + a = g' holds, so evaluating a we deduce 

o\C'\-Q\C\+a\a\ = a\a'\. 

So a[cr] — a[C] does not change when we replace the cap C with C". Similarly for 
positive caps C. Thus 77 [u] only depends on u, not on the caps Ci. 

Suppose we change the representative a by an exact form d/, / : HqM — > Z. 
Then SC*{H)a = SC* (H)a+df via the change of basis isomorphism 

x^x' ^ t/(")-/(^)x. 

We now check that this isomorphism respects the TQFT structure. Since df[a-] = 0, 
df[u] = E±df[C,] = EMfix^) - /M) = (P - + E±/(^0- Hence, if 

tpi'S^bUb) = A • ®a2:a + ' ' ' computcd in SC*{M)a, then computed in SC*{M)a+df' 

H®by'b) = t'ii^"''>-^f^y^m®byb) 

= t9/(™)-E/(yi.)(t(p-9)/(™)-E/(2:a)+E/(!/o);^ . ^^^.^ _^ ) 

= A • ®aX'a -\ , 

as required. The construction of the TQFT for SHg{M)fj is now routine. □ 

Remark 21. We used integral singular 1-cocycles a, but we can also use smooth 
real 1-cocycles in tH'^{M;R) C H^{CqM;R) via H^{CM:R) ^ Hom(7r2M,R). 
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6.7. Twisting by 1-forms from the base. Let u : S* — ;> M be an isolated Floer 
solution. For cylinders S we already defined ev*^[u\ in 16.11 For a cap S, ev*^[u\ 
cannot be defined consistently (it would not glue correctly). For other S, let S' 
be an associated graph (|15.19p . S' can be embedded into S so that the ends of S' 
("exterior vertices") converge to t = O^S^ in the asymptotic circles in S. Associate 
to each edge a closed 1-form fii on N, subject to the sum-zero condition: at any 
internal vertex v of the graph the signed sum of the forms vanishes, 

X! X! = 0. 

edges Ci edges ej 

eoining into v leaving v 

Example. P' (Figure [T2|) . assign 2/i to the incoming edge, /i to each outgoing edge. 
Let M be a Floer solution tt : 5 — > Af or a Morse solution u : 5' — > M. Define 

Lemma 22. fi[u\ is invariant under homotopying S' [subject to sum-zero). □ 
Pick any S' C S and fXi as above. Counting Floer solutions with weig ht t^I^l defines 

q p 

■^SH*iM)e..^^ ^ (g)^i/*(M)e„>„ {p>l,q> 0,{p,q) ^ (1,0)). 

6=1 a=l 

Lemma 23. // the fiaifJ-b satisfy the steady-state condition '^ev*fia — '^e^v*fJ-b, 
then it is possible to choose an S' satisfying the sum-zero condition. □ 

By Lemma i/'S does not depend on the choice of graph S" associated to S. 
Gluing surfaces requires the additional condition that the forms fii agree on the 
gluing ends. Under this assumption, Theorem 1911 follows immediately for these ipS- 

Since S H* [M) ^v* {^c^l) — SH*{M)ev'tj. for any c > (the local systems are iso- 
morphic) one could use only multiples of /i e H^{M), which gives SH*{AI)ev*f_i a 
TQFT structure without unit. More natural solutions are to define 

NSH*iM) - SH*{M)ev.^ and NSH*{M)r, = SH*{M)ev'^+rr,. 

with c* : ®^,NH*{M)^ ^ NSH*{M) and c* : ®^NH*{M)^ ^ NSH*{M)n, 
where NH* (Af )p = H* {M)ey*^ is the Novikov cohomology of M . The products are 
respectively SHev*f_Li (g)SHev-f_,2 SH^^,(^^+^^) and SH^^r,(^ SH^^^^j 

Theorem 24. NSH*{M) is a TQFT with umt^Pd^) e SH"{M)o = SH^{M)®A. 
Similarly NSH*{M)n is a TQFT with unit ?/'c(l) S SH°{M)rj. 

Remark 25. ®aem{CoM)SH*{M)a = ®fjNSH*{M)fj is a TQFT. The a = ew> + 
Trj yield all classes in H^{CqM): iti{CoM) = 'iti{M) kt:2{M) so dually H^{CqM) = 
ew*i/i(Af) ® Hom(7r2(Af),Z). Also c* : ®aH*{M)o,^®aSH^{M)a. 

6.8. Twisted wrapped theory. Let a e H^{VL{M,L)) ^ H^{n{M,T)) dSSJ. As 
in 16.11 a defines a local system of coefficients on ri(Af, L). Define CW*{L; H) 
over the Novikov ring A and insert weights i"^"' in the definitions of the differential 
and the continuation maps. This yields A-modules HW*{L; H;^l^) and their direct 
limit HW*{L)a — HW* {L; fl^) . These come with a canonical map 

c* : H*{L;c*nj HW*{L;n^), 
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where c : il{L, L) — > f2(Af , L) is the inclusion of paths lying in L. 

Let -q e i/2(M,L;R) H'^{M,L;R) ^ H'^{M/L;R). One can represent t] by 
a closed de Rham two- form which is supported away from L (see [ST] Sec. 11.1]). 
Evaluating a*rj on smooth one-chains a : C ^ M defines a transgresssion cycle 
TT] G H^{H{M, L)), which can also be obtained via: (using real coefficients) 

T : H^iM/L) % H\n{M/L) x S^) H\Vt{M/L)) = Hom(7r2(Af/L), M). 

This is an isomorphism when ■ki{M/L) — 1 (e.g. if 7ri(Af) — 1). For simply 
connected L, Af, r is the Hurewicz isomorphism H'^{M, L; M) ^ Hom(7r2(Af, L), M). 

For a wrapped solution u : S M define ttjIu] = u*?7. These weights are 
locally constant on the moduli spaces of wrapped solutions since Tr][u\ remains 
constant if we homotope u relative to the ends while keeping u{dS) C L. Therefore, 
denoting rj e H'^{M ; R) the image of r] via H^{M, L; R) H'^{M ; R), 

Theorem 26. HW*{L]n^^) is a module over SH*{M;A^jj) and has a TQFT 
structure and c* :H*{L)^A->- HW*{L;n^^) respects the TQFT. 

7. VlTERBO FUNCTORIALITY 

7.1. No escape lemma. To prove compactness results, the following lemma will 
be useful (it is analogous to Abouzaid-Seidel (3^ Lemma 7.2], adapted to our setup). 

Let (V, dd) be a symplectic manifold with boundary dV of negative contact 
type: the Liouville field Z, defined by izdd — 9, points strictly inwards. Near 
dV define the coordinate R = e^ parametrizing the time r flow of Z starting from 
dV = {i? = 1} (|1.1|) . Assume J is of contact type on dV: J*9 = dR. Suppose 
H : V [0, oo) is linear near dV, say H = niR. Define X by ixdO = —dH. Let S 
be a compact Riemann surface with boundary with a 1-form /? such that d(3 < 0. 

Lemma 27. Any solution u : S V of {du - X ® /3)°'i = 0, with u{dS) C dV, 
will map entirely into dV and solve du — X ® p. 

Proof. We use a trick we learnt from Mohammed Abouzaid: we show that E{u) < 0. 
Therefore E{u) = 0, so = AT O /3, so du lands in the span of A = h'TZ C TdV, 
thus u{S) C dV as required. On dV, X = h'{R) 7^, so 61(A) = mR = H, thus 

E{u) = u*d9 - u*dH A (3 (Section [153] using w = dd) 

< du*9 - d{u*H(3) {d(3 < and -ff > 0) 

= u*9 - u*Hl3 (Stokes's Theorem) 

= u*9 - e{X)(3 {H = 61(A) on u{dS) C dV) 

= J^g e{du - A ® /3) 

= ~9J{du — A (g) /3)j (holomorphicity of du — X ® (i) 

= Jgg -dR{du - X (g) I3)j (J is contact on u{dS) C dV) 

= —dR{du)j {dR vanishes on A = rnJZ) 

Let h — outward normal direction along dS C S. Then (h, jfi) is an oriented frame, 
so dS is oriented by jfi. Now dR{du)j{jn) — d{Rou) ■ {—n) > since in the inward 
direction —h, Ron can only increase since dV minimizes R. So E{u) < 0. □ 

7.2. Liouville subdomains. A Liouville subdomain i : {W'^'^,9w) ^ (Af^",0) is 
the embedding of a Liouville domain {W,9\y) such that for some p £ R, 

i*9 ^ e''9w + exact form. 
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Example 28. Suppose i" C DT*N is an exact Lagrangian submanifold (9\l ~ 
exact). This induces a Weinstein embedding i : DT* L ^ DT* N of a small disc 
cotangent bundle of L onto a neighbourhood of L, and i is a Liouville subdomain. 

Lemma 29. For the purposes of symplectic cohomology, one can always assume a 
Liouville embedding is an inclusion W C M , using the same 6, Z for W as for M . 

Proof. We can always assume p = 1 by redefining 9w to be €^9^. This does not 
affect the symplectic cohomology theory for W (it rescales all Hamiltonians by e^). 

Identify W and i(W). We are given 9w = 9 - df , with f : W ^ ^. Extend 
/ smoothly to M, so that it vanishes outside of a compact neighbourhood of W . 
Then extend 9w, Zw to all of M by 9w = 9 — df and u{Zw, ■) = 9w 

Since d9w = d9 everywhere and 9w — 9 on the collar of M, the Hamiltonian 
vector fields agree and we can use the same almost complex structure. So the Floor 
theory is the same: identify SH*{M,9w) = SH*{M,9), and replace 9 by 9w- □ 

Remark 30. Any Liouville embedding i : (W, 9w) ^ (M, 9m) can now be extended 
to an embedding i : {W,9w) ^ {M,9m) by defining i on the collar to be the 
Liouville flow of Zw in M {so [1, oo) x dW ^ {R = e'', y) >-> ip^^^ iy) S M). Since 
Zw is outward pointing along dW , this flow will not reintersect W . 

By Lemma we always assume W C M. Let Cw — [1,1 + e) x dW be a 
collar of dW C M . Choose J on M of contact type near R = e7' = 1 + e. Choose 
H -.Tl with H = mR near i? = 1 + e and 7? > on M \ (W^ U Cw)- 

Corollary 31. Any Floer solution with asymptotics in WUCw cannot escape W . 

Proof. Choose V = M\{WLi[l, R) x dW), with R close to 1+e chosen generically so 
that dV — {R} X dW intersects u transversely. Apply Lemma [27] to the restriction 
of u to the preimage of each component of u{S) fl V. Hence u{S) C W Li Cw- O 

7.3. Viterbo Ftmctoriality. For Liouville subdomains W C M, Viterbo [55] con- 
structed a restriction map SH*{M) -> SH*{W) and McLean [22] observed that it 
is a ring homomorphism. We now prove a stronger statement: 

Theorem 32. Let i : {W,9w) ^ {M,9) be a Liouville subdomain. Then there 
exists a TQFT map called restriction map, SH*{i) : SH*{M) SH*{W), which 
fits into a commutative diagram which respects TQFT structures: 

SH*(W) S^^-^ SH*{M) SH*{W)^.-ri S^L^ SH*{M)^ 

H* {W) ^ H* (M) H* {W) ® A ^ — H* (M) ® A 

In particular, all maps are unital ring homomorphisms. 

Proof. We may assume W C M and 9w = 0\w by Lemma|29] Pick a (smoothing of 
the) diagonal-step shaped Hamiltonian H in Figure |2] More precisely, the Liouville 
flow parametrizes a tubular neighbourhood (— oo, 1 + e) x dW of dW C M. Using 
(in general different) i?-coordinates on the two collars, choose H linear of slope b on 
the collar of M and linear of slope a (with a ^ 6) on (c, 1 -l-e) x dW. Interpolate H 
smoothly so that it is constant on Af \ and onW\ (c, 1] x dW except near their 
boundaries. Here a, b are generic (not Reeb periods). It was carefully proved in |27j 
that there is a (5 > such that for c <C the 1-periodic orbits in 1/FU(1, l+e)xdW 
have actions Ah < 6, and all orbits outside that region have actions Ah > S. 
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1 1 + s dM R 



Figure 2. A diagonal-step shaped Hamiltonian with slopes a, 6. 
The dashed line is the action A{R) = -Rh'{R) + h{R). 

Since the action decreases along Floer trajectories, we have a commutative dia- 
gram of action-restriction chain maps, 

CF*{M,H']Ah' < S)„^CF*{M,H')„ 

\ t 

CF* {M, H; Ah < 6),^ ^ CF* (A/, 

where on the left the chain complex is generated only by those orbits which have 
action less than 5. Here H' is another diagonal-step shaped Hamiltonian with 
slopes a' > a, b' > b such that H' > H, and the vertical maps are the (twisted) 
continuation maps corresponding to a monotone homotopy from H' to H. 

We claim that the commutative diagram of chain maps below respects the TQFT, 

CF*iW,i*H'),,„^CF*iM,H';AH' < S)^ 

CF*{W,i*H),,^-^CF*{M,H;Ah <S)^ 

For this, we need Corollary [21] three times. Firstly, Floer trajectories with ends in 
W do not escape R< 1 + e, hence the maps are well-defined identifications and 
they are chain maps. Secondly, Floer continuation solutions do not escape, so the 
commute with the vertical continuation maps. Thirdly, the TQFT operations 
on the above groups involve counting Floer solutions with ends in W, and these 
cannot escape i? < 1 -|- e, so respects the TQFT structure. 

So we obtain the following commutative diagrams respecting TQFT structures 

SH*{W,i*H'),.r, ^ SH*{M, H')rj 

t f 

SH*{W,i*H),,r,^ SH*{M, H\ 

Take H = as in|l identify SH*{M, H^)^ = H*{M) (g) A, and take the direct 
limit over the H' to obtain the claim using Theorems [Ml [ITj □ 

Remark 33. 

(1) The restriction map SH*{i) : SH*{M)n — > SH*{W)jj\\y is independent of 
the choice of embedding i : W ^ M satisfying i*9M — e'^""''*""*^^' — exact. 

(2) Functoriality: given nested Liouville subdomains W' ^ W ^ M , then 
SH*{M)^^ SH*iW)i..r,^ SH*{W')i>*^ equals SH*{M\-^ SH*{W')^:.^. 

(3) For i ~ id\M or any inclusion i : M U [l,Ro] x dM ^ M, SH*{i) = id. 
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Sketch proof. (1) Consider a family ?a, < A < 1, of such cmbcddings. By Lemma 
[551 this reduces to considering a fixed W C M with 6 = 9\ varying only in a 
compact neighbourhood of W. Then one checks that the restriction maps 5i?*(«o) 
and SH*{ii) are chain homotopic, for example by using the 1-parameter family of 
moduli spaces of Floer trajectories for 9\ and suitable step-shaped H\ . 

(2) Using an appropriate step-shaped Hamiltonian with two steps instead of one, 
one can separate the action values of the generators in W', W \ W and M \ W. 

(3) For i — id one checks directly that the map induced by the step-shaped 
Hamiltonian is the continuation map SH*{H^) SH*{H°') in the notation l2.3[ so 
the direct limit as a ^ 6 — )■ cxd is the identity. For inclusions, use the Liouville flow 
to push M U [1, i?o] X dM onto M and use (1) to reduce to the i = id case. □ 

7.4. Wrapped Viterbo restriction. Let ^ M be a Liouville subdomain, and 
L an exact Lagrangian with transverse Legendrian intersections with dW, dM (by 
Lemma [29l we can assume W C M, 9w = d\w)- So explicitly: 9\l — df and df = 
on L n {dW U dM). To define a restriction map, we need [3l, Ex. 4. 2] an additional 
assumption: one can extend f : L ^ R to f : M ^ W such that f is locally constant 
on dW U dM . Then the analogue of Theorem [32l holds: 

Theorem 34. There is a restriction map HW*{L C M) ^ HW*{L f^W dW), 
commuting with c* , and compatible with the TQFT and the SH* -module structure. 
More generally there is a twisted restriction HW*{L;fl^) — > HW*{L n W;fl^^^,), 
which for a — rrj respects the structures of Theorem \26\ 

Proof. We need /|l = near dW U dM . This can be achieved after deforming L 
by a Hamiltonian isotopy of M relative to dW U dM ([.3_, Lemma 4.1]). It ensures 
L has the form (interval) x (L n dW) near dW and similarly near dM . 

Now proceed as in 17.31 Suppose for now that we can separate the action values 
as in the proof of Theorem [5^ Then the proof is analogous using CW*{L\H), 
CW*{L n W; H), provided Corollary |3T] holds: this we now discuss. 

We need the analogue of Lemma [27] for: dV a generic level set Rw = 1 + e 
near dW; V the unbounded component of M outside of that level set; and S the 
compact Riemann surface with boundary obtained as the preimage of a component 
of n image(M) for a wrapped solution u whose ends are Hamiltonian chords lying 
inside W. From now on, u denotes the restriction u\s. 

As in Lemma (271 we need E{u) < 0. The boundary dS contains not just S DdV 
(which are now circles and line segments) but also boundary pieces lying in L nV. 
So Stokes applied to E(u) < Jgg u*9 — u*Hj3 yields new contributions coming from 
curves 7 C dS with u{'y) C L. The u*H/3 gives no new contributions since — 0, 
but the u*9\jj = u*df term produces new summands of the form f{z) — f{z') for 
z, z' G dV n L. For small e, L D dV is so close to i n dW that f\jj = 0, and so 
f{z) = f{z') = 0. Thus E{u) < still holds. 

We now show how to separate the action values. The action on generators is 
—Rh'{R) + h{R) provided / = p. 31) . Thus if generators lie where / = then the 
action calculations for SH* hold also for HW* , and we are done. It remains to 
ensure / = near Ryy = c (where W generators lie). 

Let if = ip^z^'' = Liouville fiow for time logc < 0. Push LnW into ip{L n W). 
Since L has the form (interval) x (L n dW) near dW, the flow rescales the interval 
by c, so we can smoothly join ip{L n W) to L\W hy some (interval) x (L n dW). 
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Call P the resulting Lagrangian. For {P, H, W, M, 9) actions can be separated so 

HW*{P;H) HW*{P;H,Ah < S) = HW* (W n P; H\w). 

We claim that this naturally induces a restriction HW*{L; H^) HW*{Wr\L] H"-) 
for some H^,H'^ with slopes b,a at infinity on M,W. This claim implies the 
Theorem after taking direct limits a :$> b ^ oo. Since L, P are exact and isotopic, 
there is a compactly supported Hamiltonian isotopy of M mapping L onto P. This 
induces an isomorphism HW*{P; H) ^ HW*{L; H^) by pull-back. Next, if induces 

if* : HW*{WnP;H\w;0) ^ HW* {W H L; ip* {H\w); cO). 

where ip*{H\w) = H\w°f> has slope ac at infinity on W . Rescaling c9 and ip*{H\w) 
by 1/c preserves the Hamiltonian vector field and thus the whole Floer theory: 

HW*(W n L; ip*{H\w);ce) ^ HW*(W D L; H"; 9), 

where H'^ = ip* (H\w) / c has slope a at infinity, as required. □ 

8. Vanishing Criteria 

Theorem 35. 1 ) SH*{M)r^ ^ if and only if the unit e 0. 

2) For Liouville i : {W,9w)'~^{M,e), if SH*{M\^0 then SH*{W),.^^0. 

Proof. 1) lieu = then for y G SH*{M)^, y ^ cm -y ^ 0-y ^ 0, so SH*{M)r^ = 0. 
2) Suppose SH*{M)rj = 0, so gm = 0. The restriction ip : SH*{M\ ^ SH*{W)i*^ 
is a TQFT map, so ew — ip{eM) — fiO) — 0- Q 

Theorem 36. SH*{M) = iff ch = for some H iff c* : H*{M) SH*{M) 
vanishes iff c* : H*{M) — )■ SH*{H) vanishes for some H . Similarly for SH*{M)jj. 

Proof, e = lim en = occurs by definition iff some en = 0. If en = 0, then using 
iPp : H*{Mp^ SH*{H) it follows that = ^l^p{eH,y) = c*y e SH*{H) for ah 
y G H*{M). So = implies c* : H*(M) — > SH*{H) vanishes, and the converse 
follows because en = c*(l). Note that c* : H*[M) SH*{H) -> SH*{M) factors, 
and the rank of the image in SH* (H) is finite and decreasing as the slope of H at 
infinity increases. So the rank eventually stabilizes. This proves the last 'iff'. □ 

Dualizing the above proof yields Theorem [ST] Using that c* , c* are dual to each 
other yields Theorem [38l Arguments analogous to the above prove Theorem [39l 

Theorem 37. SH^{M) = iff the counit ip'^ : SHt,{M) K vanishes iff c,, : 
SHf{M) — > H^{AI) vanishes iff they vanish for some H. Similarly for SH^{M)rf. 

Theorem 38. SH*{M) ^ iff SH^M) = 0. 

Theorem 39. HW*{L) ^ Q iff the unit Wc(l) ^ iff c* : H*{L) HW*{L) 
vanishes iff they vanish for some H . Similarly for HW* {L)^. 

Theorem 40. SH*{M) = Q^HW*{L)^Q, and SH*{M)jj={)^HW*{L\ = Q. 

Proof, e = in SH*, so y ^ e ■ y = ■ y = ioi- y e HW* (Theorems [Ml [M]) . □ 
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9. The SH^ and HW* groups. 

In the following proof, we define the groups SH'^{M) (twisted by a G H^{CM), 
when twistings are present). The untwisted construction is well-known |36i [7]. 

Theorem 41. There is a long exact sequence induced by action-restriction maps 

> H*{M)a 4 SH*{M)a SHl{M)a ^ H*+\M)c, ^ • • • 

Proof. The orbits inside M are critical points of H with action close to zero, say 
Ah G (—(5,(5). On the collar, pick H convex and growing slowly until it becomes 
linear at infinity. The first orbit on the collar appears when H has slope equal to 
the smallest Reeb period. By making the growth of H slow enough, we can make 
Ah = —Rh'{R) + h{R) arbitrarily negative on orbits on the collar, so Ah < —S. 

Write SC* {A, B)a for the chain complex generated only by the orbits with action 
in the interval {A, B) (for generic A, _B G M U {±oo}, so not Reeb periods). 

Action decreases along Floer trajectories, so increasing A gives a subcomplex 
SC*{A' , B)a ^ SC*{A, B)a iov A<A' <B and decreasing B gives quotient maps 
SC*lA,B)c,^SC*{A,B')a ioT A< B' < B. So A<A'^B' <B gives the exact 

^ SC*{A', B)„ ^ SC*{A, B)^ SC*{A, A')^ -f 0. 

This induces a long exact sequence, which for — cxd<— (5<(5is 

> SH*{-S,6)a 4 SH*{-oo,S)a ^ SH*{-oo,-S)a ^ SH*+\~5,d)c, ^ ••• 

where c* is the inclusion of the Morse subcomplex (Section |4]). 

Definition: 5i/^(i/)Q = SH*{—oo, -S)a, and SH*^{M)a is their direct limit. 
SH*{~S,S)a, = H*{M)a, SH*{-oo,S)a^SH*{H)a. Now take direct limits. □ 

By [13 Thm 3] the isomorphism SH*{T*N)a = Hn-*iCN)a respects certain 
action filtrations, which for the action bounds {—oo, ~d) above yields 

Corollary 42. For M = T*N the long exact sequence is that of the pair {CN,N): 

^ H*{T*N)a SH*{T*N)o, ^ SHl{T*N)a ^ • • • 

\i \> \> 

^ Hn-4N)c, ^Hn-*iCN)a Hn-*{CN, N)o,^--- 

Theorem 43. There is a long exact sequence for wrapped Floer cohomology, 
> H*{L)a 4 HW*{L)^ HWliL)^ H*+\L)a, ^ • • • 

Proof. The construction is analogous to TheoremHTl The additional term /(a;(l)) — 
/(a;(0)) in the action will not affect the Ah < —S estimate on the collar, since we 
can make the other term —Rh'{R) + h{R) arbitrarily small as in Theorem |4T] □ 

10. Arnol'd chord conjecture 

The Chord Conjecture states that a contact manifold containing a Legendrian 
submanifold has a Reeb chord with ends on the Legendrian. Our setup [3T] involves 
the Legendrian dL = L O dM inside the exact contact dM C M. 
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Theorem 44. If HW*{L) — then the ArnoVd chord conjecture holds for dL C 
dM {existence of a Reeh chord). For a generic contact form a there are at least 
rankH*{L) chords. The same holds if HW*{L)^ = for rj G H'^{M,L;R). 

Proof. Suppose there are no Reeb chords. Then we do not need to perturb a to 
avoid transversahty issues caused by degenerate Reeb chords. By Lemma [8] and 
the maximum principle, c* ■.H*{L)^HW*{L-H^)'^HW*{L), so HW*{L)^Q. 

Now suppose HW*{L) = 0, a generic. By Theorem l43l if HW*{L) = then 
HW^{L) = H*~^^{L), so there are at least rank H*{L) distinct Hamiltonian chords 
on the collar (|15.22l f3)). and the same for Reeb chords (Lemma [SJ. The twisted 
case is analogous, since HW*{L).,, — implies HW*{L)^ = H*^^{L) ® A. □ 

Remark 45. The proof is similar to Viterbo's applications |36l to the Weinstein 
conjecture {existence of a closed Reeb orbit): if there are no closed Reeb orbits then 
c* :H*{M)-^SH*{M) is an isomorphism. So this conjecture holds if SH*{M) — 0. 

In general rank II*{L) > ^rank II*{dL), using the long exact sequence for the 
pair {L,dL) and observing that rank H*{L) ~ rank H*{L,dL) by Poincare duality. 

Example 46. (Known to experts) Let M be a subcritical Stein manifold. Then 
Theorem\44\ applies: SH*{M) = by Cieliebak [1^ so HW*{L) = Q by Theorem^ 

Let be a simply connected closed manifold, and L C DT*N an exact La- 
grangian with transverse Legendrian intersection dL = LD ST*N. 

Theorem 47. If II^{T*N) — > II^{L) is not injective, then the chord conjecture 
holds and generically there are at least rank H*{L) Reeb chords. 

Proof. The non-injectivity implies the existence of an 77 G H'^{T*N,L) with rj ^ 
G H^{T*N). Combining Lemma SO] and the vanishing SH*{T*N)rf = 
implies HW*{L)^ = 0. Thus the claim follows by Theorem M □ 

TheoremUT] applies for example for L a conormal bundle to a submanifold K C N 
such that H^{N) H^{K) has kernel (Example [71). 

Theoreml47lalso holds after attaching subcritical handles to DT*N, since Cieliebak 
[To] proved SH* does not change for action reasons, so it also holds for twisted SH*. 

Theorem 48. For any ALE space the chord conjecture holds for any dL and 
generically there are at least rank H*{L) Reeb chords. 

Proof By [55], SH*{M)jj = for generic 7] e H'^{M). Now L is a 2-manifold with 
boundary so = 0, so ?; lifts to an 77 G Il'^{M, L). Now see the proof ofliTl □ 

11. Exact contact hypersurfaces 
11.1. Exact contact hypersurfaces. 

Definition 49. An exact contact hypersurface is an embedding i : (S^"^^,^) ^ 

{M^" ,d6) of a closed contact manifold (S, ^) such that for some 1-form a G f2"'^(S), 

^ = kera and a — i*6 = exact. 

Moreover, we will always assume that z(E) separates M into a compact connected 
submanifold W C M and an unbounded component M\W . 

Remark 50. If H2n-i{M) = 0, the separating condition is automatic: if M\T, is 
connected, a path "f in M cutting S once transversely has intersection [7] • [S] 7^ so 
[E] ^ G H2n-i{M). If Hi{Ti) — 0, then a — i*9 ~ exact is equivalent to da — i*uj. 
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Example 51. Sphere bundles ST*N ^T*N, boundaries ST*L^M of Liouville 
domains of Example \28\ {n > 2 for connectedness) . The separating condition for 
S T*N is automatic if dim{N) ^n>2, since H2n-i{T*N) H2n-i{N) = 0. 

Lemma 52. For the purposes of symplectic cohomology, we can always assume 
that an exact contact hypersurface S bounds a Liouville subdomain W of M . 

Proof Assume C M by redefining M to be M U [l,Ro] x dM (Remark [55)1 . 
Identify «(!]) = S. Use a bump function to extend a to a neighbourhood of S C M. 
Near S, a — 9 = df for a function / supported near E. Then replace 9 hy 9 + df: 
SH*{M) has not changed (compare Lemma [29]) . Thus we can assume W C M 
with a = 9\s a contact form. Define Z by a;(Z, •) = 9, so a;(Z, = a. Thus, 
uj"{Z, . . = a a (c?a)"~^ ^ pointwise (contact condition) and since the flow of 
Z expands volumes, Z points strictly outward along S. So C M is Liouville. □ 

11.2. Stretching-of-the-neck argument. We recall this argument of Bourgeois- 
Oancea :7,, Sec. 5. 2]. Consider an isolated Floer trajectory in M joining orbits lying 
in the collar. Consider what happens to this Floer trajectory as you stretch a 
neighbourhood of dAI (more precisely: you insert a collar [Rq, 1] x dM in between 
M and [l,oo) x dM, and you rescale uj,H on M by 1/Rq so that the data glues 
correctly). By a compactness argument, this 1-family of Floer trajectories will 
converge in the limit to a Floer cylinder with punctures 

{Rx S^)\ {punctures} ^ dM x R 

and the map rescaled near the punctures converges to Reeb orbits, each of which is 
"capped off' by an isolated holomorphic plane C — ?> Af (converging to the Reeb orbit 
at infinity) . The proof that the only holomorphic curves capping off the Reeb orbits 
in M are planes (and not, for example, holomorphic cylinders) is a consequence of 
a subtle action argument ,7i Sec. 5. 2, Proof of Prop. 5, Step 1] which shows that the 
limit curve must have a connected component containing both Hamiltonian orbits 
(the fixed ends of the Floer trajectory). Combining this with a dimension count 
and the fact that cylinders have genus proves the above are the only limits. 

Remark 53 (Transversality) . In general, this argument would require knowing 
transversality for symplectic field theory [TJ Remark 9, sec. 3.1]. In our applications 
this is not necessary, as explained to us by Oancea: we will always assume that the 
virtual dimension (2n — 3) — |a;| of the moduli space of holomorphic planes C — > M 
converging to a Reeb orbit x at infinity is >\, therefore the above punctured Floer 
cylinders do not have punctures. Indeed, if they had punctures, then since the virtual 
dimension of the planes is >1, the virtual dimension of the component containing 
the two Hamiltonian orbits (modulo the R-translation action) would be negative. 
But for that component, transversality is guaranteed by a time- dependent pertur- 
bation of the almost complex .structure just like for non-punctured Floer cylinders. 
Thus that component does not exist, which is a contradiction. 

11.3. Independence of the filling. 

Lemma 54 (Bourgeois-Oancea [7], Cieliebak-Frauenfelder-Oancea's Thm 1.14 ^12,). 

Let W be a Liouville domain with ci—0 or ci(Tr2{W)) — such that all closed Reeb 
orbits X in dW which are contractible in W have \x\ <2n — 3. Then for small C > 0, 
all isolated Floer trajectories in W connecting orbits in the collar lie in R > C . 
For a disc cotangent bundle W ^ DT* L these conditions are satisfied if dim L> 4. 
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Proof. If no such C existed . Fl 1 . 21 implies the existence of an isolated punctured Floer 
cylinder capped off by at least one holomorphic plane in W. But (2n — 3) — > 1, 
so Remark 1531 implies that the cylinder cannot have punctures, contradiction. 

For W^'^^DT*L, ci{W)^0. Our grading convention is S'iJ*(T*L) = Hn-^CL), 
so = n— index(72;) where is the closed geodesic (Reeb orbit) corresponding to x. 
So (2n~ 3) — =index(7j;) + dini_L — 3. The claim follows since index(72:) > 0. □ 

Corollary 55. 1) T/ie boundary symplectic cohomology 

SS'iJ*(9M^)^la„, =SHl{W),j {Section\^ 

is independent of the choice of filling W of dW which satisfies the conditions of 
Lemma \54\ In particular, it only depends on the restriction of rj to {dW) . 

2) Let i :Yi ^ M be an exact contact hypersurface with ci{M) — and all closed 
Reeb orbits x inY, having \x\ < 2n — 3 m M. Then BSH*{T,)jj\^ = SH^{W),^ for 
the Liouville subdomain W bounding in M (Lemma\52^. 

Proof. 1) We can choose the same Hamiltonian and almost complex structure on 
i? > C for two such fillings, so the Floer equations are identical. Twistings are 
determined by r] restricted to R>C, but this region is homotopy equivalent to dW. 

2) ci(M) =0, so ci{W) = 0, so gradings for W,M can both be calculated with 
respect to the trivialization of the canonical bundle of M (|2.6p . Now apply 1). □ 

11.4. Obstructions to exact ST*L ^ T*N, simply connected case. 

Theorem 56. Let L, N be closed simply connected n-manifolds, n > A. For any 
exact contact hypersurface ST*L ^ T* N , the following hold 

(1) H'^{N) H'^iL) is injective; 

(2) ■n2{L) 7r2(iV) has finite cokernel; 

(3) if H^{N) ^ then H^L) ^ H^{W). 

Remark 57. The maps in (1), (2), (3) are defined by the composites 

7r2(L) = 7T2iST*L) ^ TT^iW) ^ 7r2(T*iV) = ^2^, 

H^{N) = H^{T*N) H^{W) H^{ST*L) ^ H^{L). 
Using dim{L) > 4, we identify 7ri(i), 7r2(L), Hi{L), H^{L) with the analogous groups 
for dW = ST*L via the long exact sequence in homotopy for 5'"^^ — > ST* L — > L 
and the Gysin sequence H*{ST*L) ^ H*-^'^~^\L) H*+^{L) H*+^{ST*L). 

Proof. Suppose by contradiction that ^ 77 £ H'^{N) vanishes in H'^{L) ^ H^{dW). 
By Corollary [701 SH*{T*N\ ^ 0. By Theorem [351 SH*{W)^iw = 0. By 
Theorem El SHl{W)^iw ^ H*+'^{W) A has finite rank. By Corollary [53 
SHl{W)^lw = BSH*\ST*L)^\QW. Using r^\Qw = £ H'^{dW) and Corollary 

BSH*{ST*L)^\QW = BSH*{ST*L) « A = Hn-^CL, L) ® A. 

This has infinite rank as H^{CL) does [3S], using L is closed with 7ri(i) ==1. So 
ST[^{W)n\w has both finite and infinite rank. Contradiction, proving (1). 

The above shows that if r?] ^ in H^{CN), then Tri\ew 7^ in H^{CdW) = 
(using /:iV = /:o^ as 7ri(iV) = l). Yot: t:i{N) = I, t : H'^{N) ^ {CN) is 
an isomorphism and H^{CN) ^ Hom(iJi(£7V), Z) ^ Hom(7r2(iV), Z). Thus 

Hom(7r2(A^),Z) ^ Hom(7r2(L), Z), rrj ^ tt]\qw 

must be injective. Dualizing proves (2). 
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If H^{N) ^ then pick an 77 =^ £ H^{N). As before, SH*{T*N)n = so 
SH*{W)^\w = 0. By (1) it restricts to t]\ow ^0 e H^{ST*L) ^ H^{T*L). By 
CorollaryEUl SH*(T*L)^\9w = 0. Using Theorem EI] and CorollaryESl 

H*+^{W) ® A ^ SHl{W)^\w = SHliDT*L\\9w ^ H*+\L) ® A. 

Passing to homology by universal coefficients, proves (3) fbv llS.ITl the claim holds 
for integral coefficients by defining A over Z instead of K). □ 

Conjecture. For simply connected L, N , exact contact ST* L C T* N always arise 
as the boundary of a Weinstein neighbourhood of an exact Lagrangian L )■ T*N . 

II. 5. Obstructions to exact ST*L ^ T*N, general case. The key to Theorem 
[5SI was that H^,{£L) had infinite rank. This holds for closed L with 7ri(L) = I, 
since Sullivan |35| showed H^{CL;Q) is infinite dimensional via rational homotopy 
theory. Sullivan's proof also works for nilpotent spaces. We do not know when the 
result holds for finite 7ri(L) (L need not be nilpotent: MP^ has tti = Z/2Z but 
does not act nilpotently on tt2 = Z). When 7ri(L) has infinitely many conjugacy 
classes (for example infinite abelian 7ri(L)) the result holds because the connected 
components of CL are indexed by these conjugacy classes, so rankiJo(>CL) = 00. 
Write tt:N^N for the universal cover, inducing tt* •.H'^{N)^H'^{N). 

Theorem 58. Let L, N be closed n-manifolds, n > 4, with N of finite type (| jg.gp . 
Let ST* L ^ T* N be an exact contact hypersurface. Lf rankH,:{CoL) = 00 then: 

(1) n2{L) TT2{N) has finite cokernel. 

(2) if N is simply connected, H^(N) — !■ H^{L) is infective; 

(3) i/2(iV) H^(l) and H^{N) \ keiir* H^{L) are mjective; 

(4) if L has finite type and rank{'K2N) ^ 0, then H^{L) = H^,{W). 

Now assume only that the full loop space H^^^CL) has infinite rank. Then (I), (2), (3) 
hold after replacing 'K2{L), H^{L) by Tr2{W), H^{W) respectively. Also if any one 
0/(1) - (4) failed, then Corollary \Mi^) - (4) all hold and kervr* = H'^{N) {so the 
image of the Hurewicz homomorphism 7r2(Af) — > H2{M) is torsion). 

Remark 59. The distinction (2), (3) is because we needTr]y^O^H^(CoN) in Corol- 
lary \ 70\ t : H^(N) ^ H^(CoN) is an isomorphism if Tri{N) = l, but otherwise has 
kernel kevTT*. We identify H^{N) = Hom(7r2(A^), Z) with im (r) C H^CqN) JOI) . 
The 2"'' part o/(3) and (2) can be proved as in Theorem ] 561 using rankH^,{CL) = 00. 
Note: (I) implies (2), (3). The V* part 0/ (3) is dual to (I), the 2"'' part follows by 

H^{N)^Rom{7T2{N),Z) C H^CqN) 

\ I 

^Hom(7r2(L),Z) C H^iCoL) 

Proof. To prove (I) we twist by 2-forms r/ ^ G H'^{N) on the universal cover of 
N as explained in 16.61 By transgression, these give rise to I-forms on the space 
LqN of contractible loops in N . By Theorem there is a TQFT structure on the 
subgroup SH^{M)jj of SH*{M)j^ generated by the contractible orbits. 

Pass to universal covers and use transgressions (|6.6p to identify the two rows: 



H^{N) ^ H'^{W) ^ H'^{L) 

II II II 

Hom(7r2iV, Z) ^ Hom(7r2T4^, Z) ^ Hom(7r2L, Z) 
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Case 1: rankiJ,(£o-^) = oo. Suppose by contradiction that rj vanishes under this 
composition: ^fj^ = £ H^{L)- By 27 , SH^{T*N)jj = Hn-*{CaN)j^ = since 
N has finite type. As before, SH^{W)^ = 0, so 5i7;.o(W^)^ = H*+^{W) ® A has 
finite rank. But, by independence of the filling, this group is isomorphic to 

which has infinite rank, contradiction. So the composition is injective, so dualizing 
gives (1). By Remark [59l it remains to prove (4). If rank7r2(A^) 0, pick rrj ^ 0. 
By (2), also rr^jj ^ 0, so since L has finite type, SH^{T*L)~^i = 0. Thus 

H*+^{W) ® A = SHI q{W)^ ^ SHl „{DT*L)r, = H*+\L) A. 

Passing to homology by universal coefficients and using [T5.171 proves (4). 

Case 2: rankiJ, — oo. Assume by contradiction that rj\^ = G H^{W). 
As before, SH^{W)jj = 0. Since = 0, this implies SH^(W) = 0. By Theorem 
[351 SH*{W) = since the unit lies in SH^(W) = 0. By Theorem lU SHl(W) ^ 
H*+^{W) has finite rank. But by CoroharyEHand Corollary HI 

SHliW) ^ BSH*{ST*L) = H„^^{CL,L), 

which has infinite rank since H^,{CL) does. Contradiction. So H'^{N) H^{W) is 
injective and dually ■K2{W) — )> tt2{N) has finite cokernel. □ 

11.6. Pathological L. Write [5^,^] for the set of free homotopy classes of maps 
5^ — > L, equivalently: it is the set of conjugacy classes of tti{L). 

Call L pathological if [S*^, L] 7^ 1 is a finite set and H^{CL) has finite rank. This 
is the only case when Theorem 1581 mav not apply. 

Corollary 60. Let L,N be closed n-manifolds, n > 4, with N of finite type and 
L pathological. Let ST*L ^ T*N be an exact contact embedding. Then either the 
results of Theorem \58\ all hold, or else the following must hold: 

(1) Hi{L) Hi{W) and [S\ L] [S\W] both vanish; 

(2) rank H"-+^{W) = #[5^, L] > 1; 

(3) ifL is of finite type thenH^{N) H^{L), H^{N)\keT7r* H^{L) vanish; 

(4) if L is of finite type then the image of 1x2 (L) 112 (N) is torsion. 
In particular, if W is Stein then the results of Theorem \58\ hold. 

Proof For the last claim: H"+^{W) 7^ by (2), but H"+^{W)=0 for Stein W^". 

The connected components of CL are indexed by [S'^,L]. Filter SH*{DT*L) by 
[S^,L] as in [m3l and consider i : ^ [S^,ST*L] [S^ ,WY 

Suppose Theorem [58] fails. By Remark [59] some rj ^ ^ H^{N) has r}\-j^ = & 
H'^iL). By the proof of Theorem [58|5i?*(W^) = and, using Theorem [HI 

Ha{CL,L) = SHl{DT*L) ^ SH'KW) ^ SH^ ^^iW) ^ H"+\W), 

we[s\w] 

Ho{CL,L)=^ HoiC^L)^ SHl,iDT*L)^ 5i?^^,(,)(W^). 

o^ce[s\L] o#ce[si,L] o#ce[Si,L] 

Now HoiCcL) = Z, so the two lines imply rank = L] - 1. Also, 

SH^^^iW) ^ SH:^(W) = for w e [S\W]. So, since the second line respects 
summands, i must vanish (and similarly if we filter by iJi . 115.15)) . proving (1),(2). 
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Suppose ?jeH^{N) has OeH^{L). Then SH^{T* N)f^ = 0, SH^{W)fj^O, 

But for finite type L, H^{CQL)jj = since -q ^ e H^{L). Thus, 7J„_,(£o^, -^)r; — 
Hn-*-i{L) by Corollarygll So ^ contradicts (2). Thus 

H^{N) — > H^{L) vanishes, proving the I''* part of (3). Taking transgressions and 
duaUzing imphes (4), which imphes the 2"^^ part of (3) (Remark [59l) . □ 

11.7. Obstructions to exact contact embeddings. 

Theorem 61. Let M^" he a Liouville domain with ci{M) = 0, n > 4. Let L" be a 
non-pathological closed manifold admitting an exact contact i : ST* L ^ M . Then 

(1) If SH*{M)^ = then i*ri ^ e H^{L) and T{i*rj) ^Oe H\CqL); 

(2) IfSH*{M)fj = then ^ G H^(l); 

(3) IfL is of finite type and SH*{M)jj = 0, then H^L) = H^W). 

For pathological L: if (1) or (2) fails, then Corollary \60\f l) ( 2) hold, W is not Stein. 
For finite type pathological L : SH*{M)ri^O, SH*{M)jj — imply T(i*ri)—0, i*rj=0. 

Corollary 62. Under the assumptions o Ml\ ifSH*{M)^0 or SH*{W)^0, then: 

• L must be pathological, W is not Stein; 

• Hi{L) Hi{W) and [5\ L] [S^,W] both vanish; 

• rank i?"+i(W^) = L] - 1 > 1. 

Example. Corollary |62] applies to subcritical Stein manifolds M with ci(Af) — 0, 
since SH*{M) = by Cieliebak 10 . This mildly strengthens [H Cor. 1.18] 

12. DiSPLACEABILITY OF dM AND RABINOWITZ FLOER THEORY 

12.1. Rabinowitz Floer cohomology. The Lagrange multiplier analogue of SH* 
is Rabinowitz Floer cohomology, due to Cieliebak- Frauenfelder [11) . It involves 
changing the action Ah by rescaling iJ by a Lagrange multiplier variable A £ R: 

Lh{x, X) = - J x*e + X /q H{x{t)) dt. 

This tweak has a considerable effect: it forces all critical points of the new action 
functional Lh to lie in the boundary dM . Choosing Xh = "R- on dM , the critical 
points are the solutions of i = XTZ{x) and they have action Lh — —A. So, after 
reparametrizing y{t) = x{t/\X\), these critical points are precisely: the Reeb orbits 
of period A > 0, the constant loops in dM (A — 0), and the negative Reeb orbits 
of period —A > 0. The chain complex generated by the critical points of Lh has 
a differential defined by counting negative gradient flowlines of Lh- The resulting 
cohomology is called Rabinowitz Floer cohomology RF H* [M) (see jllj). 

Lemma 63 (Cieliebak- Frauenfelder-Oancea, |12j). There is a long exact sequence 

> SH2n-*{M) SH*{M) RFH*{M) SH2n-*-i{M) • ■ • 

where the map SH2n-*{M) — >■ SH*{M) is the composite 

SH2n~AM) ^ H2n-*{M) H*{M,dM) '"^'"^"f H*{M) SH*{M). 

Remark 64. The Lemma is written in our conventions. Comparison: conventions 
in [12] dictate SH^{DT*N) ^ H^{CN) instead of SH"-* {DT* N) = H^{CN). 
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12.2. Vanishing theorem. 

Theorem 65. RFH*{M) iff SH*{M) = Q iff SH^{M) = 0. 
// one among SHq, SH'^ , RFH^ is (even just on the component CqM of con- 
tractible loovs. \T5.13^ . then all SH^, SH* , RFH* are 0. Here we used "L-gradings 
ifci=0 (or ci{t:2M) — if we restrict to CqM) otherwise use 'L/2'L- grading s. 

Proof By Theorem EHl SH*{M)^0 iff 5i7*(M)=0 iff one of them vanishes in 
degree (where unit/counit lie). By Lemma El if SH*{M) = SH^RI) ^ then 
RFH*{M) = 0. Conversely, suppose RF {M) = (even restricted to contractible 
loops, since the long exact sequence of Lemma l63l respects filtrations 115. 13p . By 
Theorems [35l [38l it suffices to show that the unit e e SH^{M) vanishes. 

Case 1. Suppose we have a Z- grading. Lemma 1631 vields the exact sequence 
SH2n{M) -> SH"{M) -> RFH°{M), whose first map is the composite 

SH2n{M) H2n{M) -> H°{M,dM) H°{M) SH°{M). 

Now M is a 2n-manifold with non-empty boundary so H2n{M) = 0. Thus the 
above composite is zero, so in the above exact sequence, SH^{M) ^ RFH^{M) is 
injective. Thus RFH°{M) = implies SH°{M) = so e = 0. 

Case 2. Suppose we have a Z/2Z-grading. By Lemma 1551 e is in the image of 
5i?cvo„(M) -^5i7'=™'^(Af) since it maps to zero via S'iJ'=™"(Af) ->i?i^i?'=™"(M) =0. 
The H°{M) summands of the image of 5'i?cvcn(Af) ^ iJevon(M) -ff'=™"(M, dM) 
H°^'^'^{M) must vanish since they factor through H2n{M) = 0. So since e is in the 
image of 5i?cvc„(M)^S'iJ°™"(M), e = c*{z) for some z G H*{M)\H°{M). But c* 
is a TQFT map and z" = for degree reasons, so = c*{z'^) = c*{z)" = e" = e. □ 

12.3. Displaceability of dM implies vanishing of SH*{M). An exact symplec- 
tic manifold {X^",d0) is convex if it is connected, without boundary, admitting an 
exhaustion X = DkXk by compacts Xk C X^+i, such that the Liouville vector field 
Z defined by izd9 — 9 points strictly outwards along dX^, Z is complete (its flow 
is defined for all time) and Z ^{) outside of some Xk- Example. X — M. 

Theorem 66. // M admits an exact embedding into an exact convex symplectic 
manifold X, such that dM is displaceable by a compactly supported Hamiltonian 
flow in X, then: SH*{M) =0, there are no closed exact Lagrangians in M, and 
the Arnol'd chord conjecture holds for any Legendrian arising as in \3.1\ 

Proof. If dM C X is displaceable then RFH* {dM C X) = by Cieliebak-Frauenfelder 
p^. But RFH* only depends on the filling M of dM, so RFH*{M) = 0. By The- 
orem ESI SH*{M) = 0. If there were a closed exact L C M then for W = DT*L 
as in Example Ell the restriction = SH*{M) SH*{W) = Hn-*{CL) implies 
H^fCL) = by Theorem 1551 absurd. For the last claim use Theorems HHl HH D 

Example. If ST*L ^ X is exact contact such that ST*L is displaceable, ci{X) = 
0, n > 4, then SH*{W) = so Corollary El holds. So for non-pathological L, 
ST*L is never displaceable (mildly strengthens Thm 1.17 of |12)). 

13. String topology 

For closed n-manifolds N, Viterbo [36] proved SH*{T*N) = Hn-*{CN), and there 
are now other approaches by Abbondandolo-Schwarz [1] and Salamon- Weber [30]. 
We use approach [I] since we used it in [27] to prove SH*{T*N)n = Hn-*{CN)n. 
We claim that these isomorphisms respect the TQFT. We write H^{CN)rj to keep 
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track of twistings by rr/ when present. We tacitly assume that iV" is orientable, 
although the non-orientable case also holds if char(IK) — 2. 

13.1. The Abbondandolo-Schwarz construction. We first identify H*{CN)n 
with the Morse cohomology MH*{CN)n of the Lagrangian action functional 

£(7) = /o i(7,7)rfi, 

for a suitable function L : TN — > R which is quadratic in the fibres, for example 
the Lagrangians L{q,v) — — U{q) from classical mechanics. 

We replace CN — C°°{S^,N) with the homotopy equivalent space W-'-'^{S^ , N), 
and one proves that Morse homology for £ on this space is well-defined for most L. 

The choice of L determines the choice of a quadratic Hamiltonian on T*N, 

Hiq, p) = max (p-v~ Liq, v)). 

veTgN 

The convexity of L implies that the maximum is achieved at precisely one point 
p — dyL. This defines a fiber-preserving diffeomorphism, the Legendre transform 

£:TN^ T*N, (g, v) ^ {q, dyL{q, v)). 

This relates the dynamics of H on T*N with that of £ on CN: 7 G Crit(f ) is a 
critical point of £ in CN if and only if a; = £(7, 7) £ Crit(v4^f ) is a 1-periodic orbit 
of Xh in T*N. One can even relate the indices and the action values of £ and Ah- 

The isomorphism H^{CN)n — > SH"^^*{T*N)j, is induced by a chain map 

^■.MC4£)^^SC"-*{H\, ^(7)- J2 e„#„i""'M+"'[-]a. 

where ev#u S {±1} are orientation signs and where A4~^{'j,x) consists of pairs 
w#it, with V : {—00,0] CN a —V£ flowline converging to 7 G Crit(£'), and u : 
(—00, 0] X S*^ ^ T*N solves Floer's equation and converges to x e Crit(Ajif ), with 
Lagrangian boundary condition TTou{0,t) = v{0,t) {tt -.T* N N is the projection). 

As usual, one makes a C^-small time-dependent perturbation of L (hence H), 
but we keep the notation simple. Appendix [T7] explains why we can use a quadratic 
Hamiltonian instead of taking a direct limit over linear Hamiltonians. 

13.2. TQFT structure on H^{CN). Given a graph S' as in ll5.201 use the Morse 
function £i{'j) — Li('-f, 7) dt for edge for a generic L = Li as above. This yields 

^S' : MH4CN)^P -> MH^{CN)®'i. 

For example Vq' : MH^{CN)'^'^ MH^{CN)^ is a product (Figure [12]) . Identify- 
ing MhXcN)'^H^(CN), these Morse operations define a TQFT on H^{CN). A 
string topology focused description of these can be found in Cohen-Schwarz [13]. 

13.3. The Chas-Sullivan loop product. Let ev : CN N he evaluation at 0. 
Let (7 : A"^ ^ riV and r : A'' ^ CN be two singular chains, think of them as a,b- 
dimensional families of loops. When two loops from those two families happen to 
have the same base-point, we can form a "figure 8" loop. Let E' = {(s, t) £ A" x A** : 
ev{a{s)) = ev{T{t))} parametrize those match-ups and let E — CN output those 
figure-8 loops. Now E = {ev x ew)~-^ (diagonal) via eu x ew : A'^ x A^ — x TV. 
So ii^ is a manifold when the two families of basepoints, ev{a) and ev{T), intersect 
transversely in N , and dim(_E) = a ~\- h — n. Thus E — > CN defines a chain in 
Ha+b-n{CN): the loop product a ■ t (see ^ for details). 
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Lemma 67 (Abbondandolo-Schwarz 2 ). The isomorphism (p : MH^:{CN) 
SH"^*{T*N) preserves the product structure, so (p o ^ ijjp o Lp®'^ . The product 
ipQi on M H^{CN) corresponds to the Chas-Sullivan loop product (9j on Hf{CN). 



let f - 






length /' ^ 


Floer 





POP 



POP 



length 







Floer 






Figure 3. Dark circles are critical points of £, dark rectangles 
are Hamiltonian orbits. POP are pairs of pants, Floer are Floer 
trajectories. On the left the configurations counted by ip, ipqi, V'p- 

Sketch Proof. Observe Figure |3l Consider the 1-dimensional family of solutions 
corresponding to the configurations in the middle column {£ is a free parameter). 
On the right are the limiting configurations as £ — > or oo. The middle two 
pictures in the last column are the same. So the maps counting the top and bottom 
configurations are chain homotopic. These are respectively poipQ, and tppotp®'^ . □ 



13.4. is a TQFT isomorphism. To S we associated a graph S' ()15.19p . Let W 
be the graph obtained from S' by switching the orientations of the edges (p, q get 
interchanged). Example, for P, Q of ll5.18l we get the P' , Q' ofllSJJand 'W = Q' . 

Theorem 68. The isomorphism (p : H^CN),, = MH^CN),, SH"-*{T*N)^ 
preserves the (possibly twisted) TQFT structures: ip®^ o — ijjg o ip®"^. 
In particular, (p{c^,[N]) = e where c : iV — )> CN is inclusion of constants. 

Proof. Recall Z, C, P, Q from Corollary|99l For S = Z, -il^z and 'ijj^ are the identity, 
so there is nothing to prove. In fact, the proof for cylinders at the chain level is the 
same as the proof that (/s is a chain map respecting action filtrations. 

For S = C, one can argue indirectly that Floer solutions on C are finite energy 
cylinders by Lemma |M1 which reduces us to the case of cylinders. More directly, by 
the compatibility of the unit with direct limits (Theorem I98|) and using Appendix 
I17[ or alternatively arguing by action restriction, we can assume the Hamiltonian 
is We can assume has just one minimum xq on N C T*N, which is the 

action minimizer. Thus the only isolated solution m : S" ^ M is the constant at xq. 
So in the notation of 113.11 A4'^{xo,y) = {v^u} where u = v = xo are constant, 
xo = minH = maxL|c(Ar). Thus, (p~^{e) is the maximum of L on TV, which in the 
ordinary cohomology H*{N) is the unit 1. Dually, this is the fundamental class 
[N] e Hn{N), so in Hn{CN) it corresponds to the image c*[A^]. 
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For S ~ P, the relation ip o ipQ> — ipp o ip®"^ is Lemma [67l The techniques of [2] 
can also be applied to the pair of pants 5 = Q, so ip®'^ o ijjp, — ipQO ip. 

For general 5, decompose S into copies of C,Z,P,Q as in Corollary [Ml Thus 
ips is a composition of operations %Pct^Zi'>Pp,^q and ip-gr is the corresponding 
composition of operations obtained by replacing C, Z, P, Q by C , Z' , P' ,Q' . Thus 
the general relation follows since it holds C, Z,P,Q. 

For the twisted case, (p was constructed in [57]. For the argument above to hold 
in the twisted case, it suffices that the weights are locally constant on the TQFT 
moduli spaces and the A4Q{-f,x) moduli spaces. The former is done in Theorem 
[Island the latter is done in 27]. □ 

Corollary 69. 1) Via ip, the map c* : H*{T*N) ® A ^ SH*{T*N),j becomes the 
map c* : iJ*(iV)(giA H^(CN)jj, induced by the inclusion of constants c : iV — CN . 
This is a TQFT map, using the intersection product on H^,{N) with unit [N], 
and using the twisted loop product on H,,{CN)^ with unit c^:[N]. 

2) For a closed exact Lagrangian submanifold L C T*N , Theorem [211 applied 
Example \28\ yields the commutative TQFT diagram of transfer maps 

H^{L)®K^H^{N)®K 

Remark. The untwisted diagram (without TQFT) is due to Viterbo [37]. 

Proof. Claim 1) identifies H*(T*N) = H*{N) and applies Poincare duality. The 
dual of c* (1) = e (Theorem lOS]) shows that [N] and c, [N] are units. The intersection 
product on H^{N) is the dual of the cup product |5] (take the exterior product 
Ha{N) (g) Hi,{N) — > Ha+b{N X N) and push forward via the diagonal map Ai : 
Ha+b{N X N)^ Ha+b-niN), whcrc Ai is Poincare dual to the pullback A*). □ 

13.5. The based loop space. The wrapped analogue of SH*{T*N) = Hn-*{CN) 
is Abbondandolo-Schwarz's ring isomorphism [T] for a fibre T*^N C T*N: 

HW*{T;^N)^Hn^4^N), 

using the Pontrjagin product on H^,{il.N) induced by concatenation of based loops. 
As in Theorem [BH this respects the TQFT and the twisted analogue holds. 

13.6. Vanishing of the Novikov homology of the free loop space. A space 
N has finite type if 7r„i(iV) is finitely generated for each m > 2. 

Examples. 1) simply connected closed manifolds, and 

2) closed manifolds with trivial tti action on higher homotopy groups. 
For closed N of finite type, the Novikov homology 77* {jCqN; A^^) = for rr? ^ G 
H^{CoN) [37] {CqN is the component of contractible loops). We extend it to CN: 

Corollary 70. For closed manifolds N of finite type, and any tt] ^ ^ H^{CoN), 
SH*{T*N)^ = i/„_*(/:iV; A,,^) = 0. 

Proof By Theorem [551 SH*{T*N)^ = Hn^^{CN)^ is a ring with unit c^N] G 
HniCoN)^. But H^{CoN)^ = by [17]. So the claim follows by Theorem[2Sl □ 

Remark. ttj^O e H^{CoN) iff tt*?; 7^0 G H^{N) for the universal cover n : N~^N. 
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14. The c* maps preserve the TQFT structure 

14.1. PSS map. Theorem [T4l is the analogue of the Piunikhin-Salamon-Schwarz 
[25] ring isomorphism FH*{M, H) — > QH*{M) for (suitable) dosed symplectic 
manifolds M . It turns the pair of pants product on Floer cohomology into the 
quantum cup product. We need to briefly survey their proof. 




: CF'iH) ^ CM*U) V : CM'-(f) ^ CF*(H) 



Pick a generic Morse function / and a Hamiltonian H on M. Pick a homotopy 
Hs interpolating and H. The PSS map (j) : CF*{H) CM*{f) on generators is 
4>{y) = Nx + • • • where N is an oriented count of isolated spiked discs converging 
to x^y. Spiked discs are maps m : C — M such that u(e^'^*^ satisfies Floer's 
continuation equation for , converging at s = cx) to a 1-periodic orbit y oi H and 
at s = — oo to a point w(0) in the unstable manifold W'^{x, f) of /. The "spike" is 
the ~V/ flow line connecting x to u(0). An inverse Tp ■ CM*{f) CF*{H) (up to 
chain homotopy) is defined by counting spiked discs flowing in the reverse direction: 
yj-g27r(-s+it)~) jg g^jj^ isolated Floer continuation solution for H^s converging at s = 
— oo to an orbit y oi H and at s = oo to a point u{0) in a stable manifold ^{x, /). 




Figure 4. Counting the solutions defining (f) o and t/j o (j>. 

To show that 0, ijj are inverses up to chain homotopy, consider cj) o ijj and ip o (j). 
After gluing solutions, these count configurations on the left in FigurelH Up to chain 
homotopy, the maps don't change if we homotope respectively H and t to zero. So 
we count the configurations on the right. In the first case, for dimensional reasons 
the J-holomorphic sphere in the figure is constant. So we count isolated Morse 
continuation solutions for a constant homotopy /, which are constants (otherwise 
there is a 1-family of reparametrized solutions via s— >■ s + constant). So (/>o'j/)~id are 
chain homotopic. In the second case, we used the gluing theorem for J-holomorphic 
curves to obtain a cylinder. Up to chain homotopy, we can homotope Hg to an s- 
independent H. So we count isolated Floer continuation solutions for a constant 
homotopy -ff, which again must be constants. So ■0 o (/)~id. 

To prove that 0, ■0 respect the ring structure observe Figure [SI We glue spiked 
discs to cap off, respectively, Floer and quantum-Morse product solutions (the 
quantum product replaces the vertex of the Morse-product graph P' of 115.201 with 
a J-holomorphic sphere). Up to chain homotopy, we can homotope respectively H 
and ^i,^2,-^3 to zero, reducing to the configurations on the right. In the second 
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Figure 5. Capping off Floer and Morse product solutions. 



case, we used the gluing theorem for J-holomorphic curves to get a pair of pants 
Floer solution. So up to chain homotopy, we obtain the products on QH* and FH* 
respectively. A similar argument works for all (quantum) TQFT operations. 

14.2. Proof for Liouville domains. For Liouville domains M the compactness 
of the moduli spaces fails, otherwise ^,'0 would always induce SH*{M) = H*{M) 
which is false. Compactness fails for (j) since it uses a non-monotone homotopy -ff^- 
ifj : CM*{f ) — SC*{H) is well-defined as we can pick H^s monotone (Lemma ISTj). 

Lemma 71. i/; : HM*{f ) SH*{H^) equals c* : H*{M) = SH*{H^). 

Proof. is C^-small Morse (section so the Floer solutions counted by ip are 
time- independent. Now ip changes by a chain homotopy if we homotope /, to 
iJ, H. So we end up counting isolated Morse continuation solutions for the constant 
homotopy H, which must be constant solutions. So V' — c* are chain homotopic. □ 

Goal: To prove Theorem [14] by the methods of 114.11 it remains to construct a 
well-defined map (j) : SH*{H^) H*{M) inverse to V- We will do this in [TO 

14.3. Floer trajectories converging to broken Morse trajectories. We recall 
the arguments [Slj to prove FH*{H) = H*{M) for C^-small H on (suitable) closed 
symplectic manifolds M . Let S"^ — E/TZ. We will be considering T-periodic Floer 
theory, as opposed to the 1-periodic theory, and we will study the limit T — ?> 0. 

Consider solutions u : R x S"^ R^" to Floer's local equation Ft{u) = 0, where 
Ft : M^^'2(M x S'^;K2") ^ x 5'-^;K2") the local Floer operator defined by 

Ft{u) = dsu + Jdtu +{S + A)u, 

where J is standard, S — S{s, t) and A = A{s, t) are continuous matrix valued func- 
tions on M X S)p which are respectively symmetric and antisymmetric, and which 
converge to 5"^ and A± = as s — ?> ±oo. 

Claim 1. The solutions u of Ft{u) = are time-independent whenever ||S'(s)||^2(jj(')-f 
ll^(s)||L2(dt) ^ c < 1/2^ for some constant c. 

Sketch Proof. [31, Prop. 4. 2] The averaged solution u{s) — {J^ u{s,t) dt)/T is a 
solution Fq (u) = of the local Morse operator 

Fo{u) = dsU+iS + A)u, 
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and then one checks that u{s, t) = u(s) when S, A are smah in the above sense. □ 

Assume in addition that S± are non-singular, which is the local equivalent of the 
non-degeneracy condition of orbits in Floer theory. 

Claim 2. Ft is onto iff Fq is onto. 

Sketch proof. [3TJ Cor. 4. 3] This follows because they have the same Fredholm index, 
and by Claim 1 they have isomorphic kernels. □ 

The local result can now be applied globally. Pick an w-compatible almost 
complex structure on the closed symplectic manifold {M,lu) such that a;(-, J-) is a 
Morse-Smale metric for a given Morse function H : M ^ M.. 

Claim 3. For small T > 0, every finite energy Floer trajectory u : K x — > AI is 
time-independent and regular (the linearization of the Floer operator at u is onto). 
Sketch proof. Thm.7.3] When u is a time-independent Floer trajectory, i.e. a 
— V-ff flow, we reduce to the above local case by picking an orthonormal frame: Fq 
is onto by the Morse-Smale condition, so Ft is onto, so u is regular. 

To prove that u must be time-independent we need a Gromov compactness trick. 
By contradiction suppose there are finite energy Floer solutions u„ : M x S*^ M 
with periods r„ — > 0, which are not time- independent, connecting two given critical 
points x,y H (we assume T„ is so small that there are no r„-periodic Hamiltonian 
orbits, this uses the fact that H is Morse). The energy 

E{un) = ^ /o^" |9.u„P dtds = H{y) ~ H{x) 

is bounded, therefore by Gromov compactness, a subsequence of the u„ must con- 
verge to some broken Morse trajectory vi4j= ■ ■ ■ fl^Vm for _ff, where m is bounded 
by the difference of the Morse indices of x,y. For simplicity, assume the Un are 
isolated Floer solutions. Then to = 1, and v — vi is an isolated Morse trajectory, 
i.e. a time-independent isolated Floer trajectory. 

We claim that for large n, Un{s + s'„,t) = v{s) coincide for some sjj G M. This 
would contradict the assumption that m„ is not time-independent. So suppose by 
contradiction that u„ and v never coincide in this way. 

If there are integers C„ with C„T„ — T, with T so small that Ft is onto at v by 
the first part of the proof, then FT{un) = and u„ — s- v contradicts the fact that 
V is an isolated solution of Ft- In general, pick integers C„ with CnTn T and 
apply the same argument uniformly in an interval around T . □ 

Claim 4. Given a Morse function H : M ^ R and a small enough T > 0, all 
Floer trajectories for T ■ H are time-independent and regular. 

Proof. The T-periodic and 1-periodic Floer theories are isomorphic, by sending a 
T-periodic Floer trajectory u{s, t) for H to the 1-periodic Floer trajectory u{sT, tT) 
for T ■ H . By Claim 3, for T ^ 0, the T-periodic Floer trajectories for H are time- 
independent and regular, so the same is true for the 1-periodic ones for T ■ H. □ 
We can apply the same arguments to Floer continuation solutions m : M x 5*^ — s> 
M and Morse continuation solutions for homotopies Hg : M ^ M. connecting two 
Morse functions and picking Jg so that gs = Js-) is Morse-Smale for Hs- Thus, 

Claim 5. For small T > 0, all Floer continuation solutions for T ■ Hg are time- 
independent and regular. 

14.4. Non-monotone homotopies of small Hamiltonians. We now achieve 
the "Goal" of ll4.2l Let M be a Liouville domain. From now on H ^H^ (Sec. HJ. 
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Pick the Morse function / and the homotopy Hg from to i7 to be of the form 
/ = /(i?), Hs = hs{R) on the coUar, with f'{R) > and h'jR) > (unless 
Hg = 0). This ensures that —V/ and — V-ff^ are inward-pointing on the collar. 

Definition 72. Let v : (— oo, 0] M and w : C — ?> M. Then w#u is a (/)-solution 
from X G Crit(f) to y{t) = y G Crit{H) if v is a —V/ flow-line from x to m(0), and 
j^^g27r(s+it)^ is a Floer continuation solution for Hg converging to y{t) at s = oo. 
We write Ai'^{x,y) for the moduli space of (p- solutions. We call it a T-periodic 
0-solution if we use u(e^'^*-''"'"**-'/"^) and parametrize t by R/TZ instead o/M/Z. 

Lemma 73. Fix a compact M' C M containing M . For small enough T > all 0- 
solutions for T ■ H s lying in Ad' are time-independent, regular and lie in M (provided 
the almost complex structures J,Js induce Morse-Smale metrics for H,Hs.) 

Proof. Apply the Gromov compactness trick of ll4.3l suppose by contradiction there 
are r„-periodic 0-solutions Vn#Un £ M'^{x, y) lying in M', with T„ 0, such that 
Un is not time-independent. The have bounded energy 

E{v^)+E{u,,) = {f(x)~ f{u{m + {H{um~H{y)) 
< f{x) ~ H{y) + max(/|Af) -l- niax(i7|M) 

because it(0) must lie in M (since —V/ is inward-pointing on the collar). So by 
Gromov compactness we can extract a subsequence converging to a broken Morse 
solution. Just like in Claim 3 of I14.3[ we can then conclude that the u„ are time- 
independent for large n, which is a contradiction. Thus for small enough T > 0, all 
T-periodic (/)-solutions lying in M' are time-independent and regular. 

For time-independent (/)-solutions, since the ends lie in M, the flow- line cannot 
exit M otherwise —V/ or —VHs would point outward at some point on the collar. 
The result follows by a rescaling trick like in Claim 4 of 114.31 □ 

Similarly define i/i-solutions, Ad'^{y^x) for /, H^g (|14.ip . with H^g monotone. 

Lemma 74. All ip-solutions are contained in M . Moreover, for small T > 0, all 
Tp-solutions for T ■ H^g are time-independent, regular, and contained in M . 

Definition 75. Replace Hg by T ■ Hg so that the previous two lemmas hold. Define 
(j) : SC*{H) MC*{f ) and iP : MC*{f ) SC*{H) by counting only the isolated 
(pjijj-solutions which lie in M (ignore the (jj-solutions outside M'). 

Lemma 76. cj) and tJj are chain maps. 

Proof. Consider a 1-dimcnsional connected component cA4f{y,x). The bound- 
ary consists of broken i/j-solutions, where a Floer or a Morse trajectory breaks 
off at one of the two ends. The count of these broken solutions proves that 
c^Fiocr oip — ip o (iMorsc = 0. Thc samc proof works for by Lemma [77l since we can 
ignore those A4 C J^f{x,y) which contain a 0-solution which escapes M'. □ 

Lemma 77. Let Ai be a connected component of A4'^{x,y). Then A4 consists 
either entirely of solutions lying in M or entirely of solutions which escape M' . 

Proof. By Lemma [73l (/)-solutions lying in M' must lie in M, so they cannot be 
C^^-close to a (/)-solution which escapes M'. □ 

Theorem 78. ijj, cf) are inverse to each other up to chain homotopy. In particular, 
(j) : SH*{H^) H*{M) is an inverse for V' = c* : H*{M) SH*{H^). 
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Proof. Run the argument of ll4.H using that aU J-holomorphic spheres are constant 
since the symplectic form is exact. The proof of Figure |4] involves the connected 1- 
dimensional components A4 of the moduh space A4' = Uce[o i] x'; /, c-Hg) 

of glued solutions for <j) o ip for c ■ Hg. The count of all dAi proves the existence 
of the chain homotopy mentioned in Figure |4] like in the proof of Theorem |89l We 
need to justify why we can ignore those Ai which contain a solution which escapes 
M'. This is proved like Lemma \77\ since the glued solutions for c • Hg either lie 
in M or escape M' , by combining Lemmas 1731 1741 So o ^ is chain homotopic 
to the map we get at c — 0, which is the identity since it counts isolated Morse 
continuation solutions for a constant homotopy (jl4.1l) . Similarly -0 o (/) ~ id. □ 

14.5. Proof of Theorem 1141 Let H = H^,Hs, f be as above. Let S* be a model 
surface with weights ha,kb < 1 (see 115. ip . Denote by 

cj)a ■■ SH*{haH^) ^ MH*{fa) and i>b : MH*{fb) ^ SH*ihH^) 

the <^-,V'-maps obtained for ha - Hg, fcb • H^g and Morse functions fa, fb obtained by 
generically perturbing /. Let S' be the graph associated to S (|15.19[ fr5.20p . Then 

ijs ■■ ®bSH*ihH^) ^ ®aSH*{haH^) and ^s' ■ ®bMH*{fb) ^ ®aMH*{fa). 

Lemma 79. <Sia4'a ° ips ° ®bi^b is chain homotopic to ^s' ■ 

Proof. The proof follows like Theorem [78] using the fact that glued solutions of 
^aipa o tps ° ®b'<Pb either lie in M or escape M', combining Lemmas [HI [73l [TH □ 

Similarly, ®a^a ° ipS' ° 'S^b4>b is chain homotopic to ips, in the obvious notation. 
Theorem [Hj then follows upon taking direct limits and using Theorems [MJ [TSj 

15. Appendix: TQFT structure on SH*{M) and HW*{L) 

15.1. Model Riemann surfaces. See Figure [6] Let {S,j) be a Riemann surface 
with p > 1 negative punctures and q > positive punctures, with a fixed choice 
of complex structure j and a fixed choice of parametrization (— oo, 0] x and 
[0, oo) X S-^ respectively near the negative and positive punctures so that jdg = dt. 
We call these parametrizations the cylindrical ends. We assume S has no boundary 
and that away from the ends S is compact. 




Figure 6. (S*, j), genus g = 2, p = 3 negative and q = 2 positive 
punctures, cylindrical parametrizations near the puncture (ends). 

We also fix a one-form (3 on S satisfying d/3 < 0, such that on each cylindrical end 
/? is some positive constant multiple of dt. These constants hi, ... , hp, ki, . . .kg > 
will be called weights. The reason for using /3 is that we do not have a global form 
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dt for a general surface S, unless 5 is a cylinder. The condition (i/3 < is crucial to 
prove a maximum principle and an priori energy estimate (sections 115.31 and 1 1 5 .4|) . 

By Stokes's theorem, > Jg d(3 = J^^b — J2^a- This is the only obstruction 
to finding a one-form /? interpolating between the hidt, . . . , kqdt used at the ends. 
This explains why p = is not allowed. Also, there is a contractible set of choices 
of complex structures j on S extending the j on the ends {jdg = dt), see [32l 2.2.1]. 

15.2. Floer solutions. These are smooth maps u : S M converging to Hamil- 
tonian orbits as s— >±cx) on the ends, with du~X®j3 holomorphic: {du — X^PY'^ = 
0. On a cylindrical end with weight c this is Floer's equation dsU + J{dtu — cX) = 
for the Hamiltonian cH. So u converges to 1-pcriodic orbits of haH, khH. 

Let M(xi, . . . ,Xp;yi, . . . ^Uq] S, (3) denote the moduli space of Floer solutions 
which converge to Hamiltonian orbits Xa at the negative ends and yb at the positive 
ends. We abbreviate it by A4(xa', yb', S, /3) and call Xa, yb the asymptotics. We write 
■Mk{xa; yb', S, P) for the fc-dimensional part of Ai[xa', yb', S, P). 

Example 80. Let S he the cylinder Z — M. x with p — q—\, weights m'>m, 13 — 
f{s) dt with f'{s) < 0. We call these continuation cylinders. Then u G (a;; y; Z, (3) 
solves dgU + J{dtu — f{s)X) — 0, so it is a Floer continuation solution for the 
homotopy Hg = f{s)H from m' H to mH . The monotonicity condition dgh'^ — 
f'{s)h' < of \2.S\ is equivalent to the condition d/3 — f'{s)ds A dt < of \15.1\ 
Thus the count of Mq[x', y; Z, (3) is the continuation map S H* [mH] S H* {m! H) . 

15.3. Energy of Floer solutions. Define the energy of a map u '. S ^ M hy 

E{u)^]- I \\du- X ® l3\\^Yo\s. 
2 Js 

Observe that for [3 = dt on a. cylinder this reduces to ^J||9su|p + |19(U — 
which equals the usual energy J ds A dt when w is a Floer solution. 

For Y e Rom(TS,u*TM), the equation F"-! = means Y o j = J oY, and 
so ||r||2 = uj{Yds,JYds) +uj{Ydt,JYdt) = 2uj{Yds,Ydt) where s + it is a local 
holomorphic coordinate on S, with jds = dt- Thus, writing /3 — j3sds + Ptdt in 
components, the Floer equation {du — X (3)^'^ = implies 

\\\du-X®Pf = Lj{dsU-XPs,dtu~XPt) 

= cj{dsU, dtu) + dH{dtu)l3s - dH{dsu)l3t 
_ u*uj - u*dH A 13 

ds Adt 

Rewriting —u*dH A(3 = —d{u*Hf3) + u*Hd(3 and using the assumptions H > 0, 
dj3 < 0, by Stokes's theorem we obtain an a priori energy bound for Floer solutions 

E{u) = Jg u*oj - u*dH A P 

< JgU*LU ~ d{u*H P) 

= \d{u*e -u*H p) 

negative ends Xa positive ends 

15.4. Maximum principle. In a local holomorphic coordinate s + it on S, with 
jds = dt and P = Psds + Ptdt, the equation {du — X ^ = translates to 
{du — X®P)oj = Jo {du — X ® P), and evaluating at ds, dt yields 

dtu = XPt + JdsU ~ JXPs 
dsU = XPs - JdtU + JXPt. 
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Lemma 81. // on the collar H ~ h{R) and J is of contact type, then for any 
local Floer solution u landing in the collar, the coordinate Ro u cannot have local 
maxima unless it is constant. In particular, Floer solutions with asymptotics Xk 
are entirely contained in the region R < maxi?(a;fc). The result holds even if H 
is time- dependent near the ends (where P is a multiple of dt). The same holds if 
H — hz{R) depends on z = s + it on the ends, provided it is monotone: dgh'^ < 0. 

Proof. Let p denote the i?-component of u{s, t). Using 6 = —dR o J on the coUar, 

dsp = dR{dsu) = dRiXPs - Jdtu + JXft) 

= e{dtu) - e{x)Pt 

dtp = dR{dtu) = dR{Xl3t + JdsU - JXjSs) 

= -e{dsu) + e{x)Ps 

d'^p — dp o j = (dtp) ds — (dsp) dt 

= ~e{dsu) ds - 0{dtu) dt + e{X)Psds + 9{X)Ptdt 

= -u*e + e{x)i3 

-dd'p = u*uj - d{e{X)P) 

= ^\\du-X®PfdsAdt + u*dH A 13 - d{9{X)(3). 

On the collar X — h'TZ, where TZ is the Reeb vector field, so 0{X) = Rh'. Thus, 

u*dH A (3- d{e{X)l3) = h'dp AP~ d{ph' fi) = -ph"dp A (3 - ph'dfi. 

Thus Ap dsAdt^ -dd^p > -ph"dp A [3 ~ ph'dp, so 

Ph'dl3 

Ap + farst order terms > — ; — 

- dsAdt 

Since d/3<0, /i'>0,p>0, the right side is > 0. The claim follows by the maximum 
principle [15] for the elliptic operator L — A+Rh" {R)/3tds~ Rh" {R)/3sdt since Lu > 
0. If = ht on an end where j3 — C dt {C > 0), the extra term ~p{df h^)dt A f3 ~ 0. 
li H ~ hz the extra term ~ p{dsh'z)C > provided dgh'^ < 0. □ 

15.5. Fredholm theory. For all u 6 Ai{xa', yt', S, (3), Lemma IST] proves that u lies 
in the compact R < ma,x{R{xa), R{yb)) in M. So the following Lemmas don't notice 
that M is non-compact, so the proofs known for closed manifolds apply. After a 
small generic time-dependent perturbation of (iJ, J) on the ends, the following hold: 

Lemma 82. [351 2.5.7]. Solutions of {du ~ X ® /3)°'^ = are smooth and those of 
finite energy converge exponentially fast to Hamiltonian orbits at the ends, that is 
near each end \dsu\ < ce"'''^' for some constants c,S>0. 

Lemma 83. [3H 3.1.31, 3.3.11] or [51 Prop. 4]. Let u be a Floer solution. Let Du 
be the linearization at u of the operator defining {du — X (S) /?)"^^ = (see \15. 7^ , 
then Du is Fredholm with index D„ = l^^al ~ S + 2n(l — g — p), where g is 
the genus of S {after filling in the punctures). 

15.6. Smoothness of the Moduli Spaces. For closed manifolds A/, d(3 <Q was 

not necessary. So the natural approach [32) was to pick any Hamiltonians Ha,Hh 
on the ends and any tensor k = X (g) 13 which equals Xh^ , Xh^ on the ends with 
K — away from the ends (making u J-holomorphic there: du^^" = 0). Schwarz [32l 
4.2.17, 4.2.20] proved smoothness of M{xa;yb': S, /3) for generic k close to away 
from the ends. For Liouville domains M this cannot be done, since the a priori 
energy estimate fails without dP < 0. So we need to reprove the smoothness. 
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Just like for Floer continuation solutions, we must allow J to depend on z E S 
away from the ends. So J G C°°{S x M,TM), and for each z £ S, J{z, •) is of 
contact type at infinity. So given H, J as in l2.3l and ll.ll we first make a small time- 
dependent perturbation of {H, J) on the ends to make the asymptotic Hamiltonian 
orbits isolated (and non-degenerate) . Then in If 5.71 we make a small z-dependent 
perturbation away from the ends, to make J regular (which we now explain). 

The equation {du — X (S) /3)°'^ = corresponds to 9m = for the operator 

d = ^{{du - X ® P) + J o {du - X ® p) o j}. 

So the moduli space Ai{xa] yt', S, 13) is the intersection of the section d and the zero 
section of a suitable Banach bundle (for details on this bundle see [32l 2.2.4]): 

Regularity of J means that d is transverse to the zero section and so M.{xa]yb] S, /3) 
is a smooth manifold by the Sard-Smale theorem. Regularity of J is equivalent to 
the surjectivity of the linearizations Du of d at Floer solutions u, in particular the 
index of I?„ will then be the dimension of the kernel of Du- This kernel is the 
tangent space of d~^{0), so by Lemma [551 

dim M{xa;yb; S,(3) = J2 ka| - E l^bl + 2n-(l - .9 -p)- 

15.7. Existence of regular J. We claim that for generic (in the sense of Baire) 
J, which depend on S, regularity holds: the linearization Du of d is surjective. 

Let {S,j,f3,J) be the data described in 115.11 Pick H linear at infinity (see 
[T7| . Make a time-dependent perturbation of {H, J) on the ends to ensure that the 
Hamiltonian orbits that can arise as asymptotics are isolated (and non-degenerate). 

By Lemma [81] all Floer solutions lie in a compact K C M determined by the 
asymptotics. We will achieve transversality by perturbing J on K, keeping J of 
contact type outside of K (so the maximum principle still holds outside K). 

Let Du : W^-'V{u*TM) -J> L'^ {Rom" '^{TS,u*TM)) denote the linearization of 9 
at u e M{xa;yb', S, (3) (p > 2). We claim that after a generic perturbation of J, all 
Du are surjective (equivalently: the Du are transverse to the zero section). 

Consider d for all choices of J simultaneously, where J can depend on z G S. 
Let J denote the collection of all J, appropriately topologized as a Banach bundle: 
we require that Jz converges to the given J on the ends with superexponential 
convergence in any C'^-topology ([32, 4.2.11]). Linearizing at a solution d,j{u) = 0: 

F : TjJ ®W^'^{u*TM) — > L'^ {Tiom°'\TS,u*TM)), 
F{Y, = k y.,u(-) °{du-X® I3),^u{z) o Jz + Dui, 

where TjJ^ is the tangent space (infinitesimal perturbations of J with superexpo- 
nential decay on the ends). 

Lemma 84. If F is surjective, there is a Baire second category subset J^reg{S,P) C 
J of regular J {those for which Du is surjective for all u G M{xa', yb', S, l3, J)). 

Sketch proof. This is a standard trick, e.g. see [241 3.1.5, p. 51]. One considers the 
universal moduli space A4 of all Floer solutions u G Ai{xa; yb] S, (3, J) for all J £ J . 
Let n : J\A ^ J denote the projection. One checks that the kernel and cokernel of 
diT are isomorphic to those of Du- Thus dir is Fredholm, and it is onto whenever 
Du is onto. Thus the regular values of tt correspond to the regular J. By the 
Sard-Smale theorem the regular values of tt in J are of Baire second category. □ 
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Lemma 85. If du — X (E) /3 =/= on a non-empty open C S, then F is surjective. 

Proof. This is a standard argument [32] 4.2.18]. By Lemma [83l Du is Fredholm 
so the image has finite codimension. Since Ini_D„ C Inii^, the same is true for 
the image of F. Thus it suffices to show that the orthogonal complement to the 
image ImF is zero. Suppose by contradiction there is an 7^ in the dual space, 
L'^(Jiom° \TS, u*TM)), which is perpendicular to ImF. 

Then 77 it is perpendicular to ImD„: {Du£,,r]) 1^2 = for all ^. So 77 is a weak 
solution of D'^T] = 0, and by elliptic regularity [Sll 2.5.3] r] is smooth. By the 
Carleman similarity principle |181 Cor 2.3] rj can vanish at most on a discrete set 
of points in S. Since rj is perpendicular to Im_F and (-D«^, 77)^2 = 0, 

0- {F{Y,^),t])l2 ^ ^{Y{du - X ^ ^) o j,r])L2 for ah r,^ 

Pick zo G '5' in the open subset where — X (g) /3 7^ such that iJzq 0. Then 
one can pick [311 8.1] a vector Y at {zo,u{zo)) such that g{Y{du — X (g) r]) > 0. 
Extend Y locally and multiply it by a cut-off function which depends on z G 5 to 
make Y globally defined so that g{Y{du — X® (3)j, ry) > everywhere and > near 
zq. This contradicts the vanishing of the above inner product. □ 

Lemma 86. Combining the previous two Lemmas, we deduce that transversality 
holds unless du~ X®I3 ~Q on all of S (since being non-zero is an open condition). 
By making a generic time- dependent perturbation of H at each end of S , we can 
ensure that du — X (E) /3 ~ is impossible for all Floer solutions u. 

Proof. After a generic time-dependent perturbation of H at each end of S, the 
asymptotics of u can never be constant orbits (since Crit(iJ() will change in time, 
generically). Suppose dw-X®/? = 0. Thendu(T5) = X®I3{TS) C span(X), so the 
image of u lands inside a Hamiltonian orbit v oi H. When S* is a disc {p — 1, q = 0), 
u{S) C v{S^) means that v is contractible within v{S^) and hence constant, which 
we ruled out. In the general case, since we choose the time-dependent perturbations 
to be different on each end (of type H = ht{R) on the collar), we can ensure that 
V is not a common orbit of the perturbed Hamiltonians. □ 

Remark 87. // the ha, kf, of S are Q-independent, we can make the same pertur- 
bation of H at each end (in the proof: v has periods ha, kj, so it would be constant). 

15.8. Compactness of the Moduli Spaces. We claim that the A4{xa',yb', S, (3) 
have compactifications whose boundaries consist of broken Floer solutions (Figures 
[71 H]). Since the complex surface {S,j) is fixed, away from the ends we have C°°- 
local hence uniform convergence to a solution, thus breaking of Floer solutions can 
only occur at the cylindrical ends. On those ends, the equation turns into Floer's 
equation so the breaking is analytically identical to breaking of Floer trajectories. 

Details of the construction of compactifications for these moduli spaces can be 
found in Schwarz [32l 4.3.21, 4.4.1]. His work for closed manifolds M applies here 
because: 1) all u G M{xa; yt', S, /3) lie in the compact R<max{R{xa), R{yb)) in M, 
bv ll5.41 2) they satisfy an a priori energy estimate bv ll5.31 and 3) no bubbling off 
of J-holomorphic spheres occurs since uj = d9 is exact. 

Lemma 88. Suppose u„ G A4i{xa;yb', S, /3) has no C°° -convergent subsequence. 
Then, passing to a subsequence, m„ converges C°° -locally to an isolated Floer so- 
lution u defined on the same {S,l3) but with one of the asymptotes Xa,yb changed 
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Figure 7. Floer solutions £ (xi, a;2, 2^3; 2/2; /?) converging 
to a broken solution v^u £M.{x2, z) x J\A{xi, z, 2:3; 7/2! /?)• 

at an end. On that end, there are reparametrizations u„(- + s„, converging 
C°° -locally to an isolated Floer trajectory as s„— >±oo (using the sign of the end). 

Gluing theorem: given such isolated solutions v,u, for large A G M there is a 
smooth 1 -parameter family u\ ^Mi{xa] yb] S, (3) converging to the broken trajectory 
v^u or u^v in the above sense {resp. for breakings at negative or positive ends). 

The Fredholm index of solutions is additive with respect to gluing, so the local 
dimension of moduli spaces is additive (for Floer trajectories count dim A^, see ll.3l) . 

15.9. Parametrized moduli spaces. Given two sets of regular data (S*, jo, /3o, Jo) 
and (5, ji,/3i, Ji) agreeing at the ends, let {S,j\, I3\,J\) interpolate between them 
(while keeping the same data j, /3, J near the ends). This is always possible since the 
choices of j, /3, J each form a contractible set. Again one proves that for a generic 
choice of the interpolation J\ the relevant operator d is transverse to the zero section 
and thus the moduli space yj\M.{xa',yb'T Px, j\, J\) is smooth. The compactness 
results of section [15.81 also carry over to this setup [32l, 5.2.3]. Indeed near the ends 
we are not varying j, /3, J so the same breaking of solutions applies, and away from 
the ends the energy estimate forces C°°-local hence uniform convergence. 

15.10. TQFT operations. Fix (S", and an H e C°°(M,R) as inO Define 

ips ■■ SC*{kiH) (g) • • • ® SC*{kgH) ^ SC*{hiH) SC*{hpH) 
on the generators by counting isolated Floer solutions 

ips{yi^---®yq)^ X! euXi(g)---®Xp, 

ueMo{xi,...,Xp;yi,...,yq;S,l3) 

where £ {if} orientation signs (Appendix I16|) . Then extend "05 linearly. 
When gradings are defined, degree(V's) = ^\xa\—^\yb\ = ^2n(l — g— p) bv ll5.6l 

Theorem 89. The ips o'^e chain maps, and over a field {15.111^ they yield maps 
ipS ■ (Sl^iSH*(kbH) (x)^^^SH*{haH) which are independent of the choice of the 
data {p,j,J) relative to the ends. 

Proof. To prove that ips is a chain map consider the 1-dimensional A4i{xa', yb] S, (3). 
A sequence of Floer solutions approaching the boundary will break giving rise to 
an isolated Floer trajectory at one of the ends (|15.8[ Figure [71). This is precisely 
the definition of the Floer differential d on the tensor products (|16.15p . Since the 
oriented count of the boundary components of a compact 1-dimensional manifold is 
zero, and after checking orientation signs in ll6.15l we conclude that ips^d = doips- 
Thus ips descends to the cohomology, and by the Kiinneth theorem we obtain 

0S : ^bSH*{kbH) ^ ®aSH*{haH). 
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To prove independence of the auxiliary data (/3, j, J) consider the 1-dimensional 
part of Uo<A<i -^(^a! as in ll5.9| where Sx = (5', ^a, Ja, Ja)o<a<i is a reg- 

ular homotopy of the data {P,j,J) relative ends. We show that -i/'So ^^'^ V'Si are 
chain homotopic, so the claim follows. We run the usual invariance proof of Floer 
homology The boundaries of the moduli spaces are of two types: either A — > 
or 1, which respectively yield contributions to —ipSo and ^pSl, or A — >■ Aq G (0, 1). 
In the latter case the boundary is a broken solution consisting of a Floer trajectory 
and a "rogue" solution in M-i{xa;yb'; S\). Generically M^i{xa;yb', S\) is empty 
since it has virtual dimension —1, however at finitely many A there may exist a 
"rogue" solution. Let K denote the oriented count of these rogue solutions. Thus 
these broken solutions contribute to K oOq or dio K depending on the order of the 
breaking. The oriented count of the boundaries of a compact 1-manifold is zero, so 
—i'Sa + V'Si + K o do + di o K = 0. So if is the required chain homotopy. □ 

15.11. Gluing surfaces yields compositions of operations. Two surfaces S, S' 
as in llS.ll can be glued along opposite ends carrying equal weights. Pick a gluing 
parameter A 3> 0. Suppose a positive end [0, oo) x of S and a negative end 
(— oo, OjxS*^ of S' carry the same weight. Cut off (A, oo)xS^ from S and (— oo, — A)x 
from S'. Then glue their boundaries [0,A] xS'iu[-A,0] x via (A, i) - (-A, t). 
As the weights agree, for A ^ we get a 1-form /3\ on the glued surface S\ from 
the /3's on the S, S' parts of S\. The result is a 1-family of surfaces S\ = S4f\S'. 
We can glue several pairs of ends and we can also glue a positive end of S to one 
of its own negative ends (provided the glued surface has a negative puncture) . 

Lemma 90. Let M C Mi{xa',yb] P) be a connected component. Near dM, M 
is parametrized by ux defined on a gluing Sx = S^xiinfinite cylinder, ^ = Cdt). 
As A oo, Ux converges to a broken solution, broken at the gluing end. 




Figure 8. Floer solutions ux converging to a broken solution u^v. 

Proof. Observe Figure |8l We will deal with the case of a breaking u^v on a positive 
end as A — > oo, the other case is analogous. By Lemma l88l the Floer solutions in 
M near u^v are parametrized by a gluing parameter A ^ 0. Indeed, by an implicit 
function theorem argument, they can be described by a gluing construction which 
"glues" u{s,t)\s<x with v{s — 2X,t)\s>x- In particular, the glued solution ux will 
converge C°°-locally to u, and on the breaking end the rescaled map ux{s+2X, t) will 
converge C°°-locally to v{s, t). The Hamiltonian orbit v{—oo, t) where the breaking 
occurs is the limit of ux{X,t) (dotted line in in Figure [H). Let 5a = S'#a(K x 5*^) 
glued at the end where the breaking occurs, extending j3 = C dt io the cylinder. 
"Extend" ux to Sx so that it equals ux on the 5-part and it equals ux{s + 2 A, t) at 
{s,t) G [— A, oo) X S^ . This is well-defined since we identified (A,t) ~ (— A,t). □ 
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Theorem 91. Let Sx = S=f/=xS' with all positive ends of S glued to all negative 
ends of S' in the given order. Then on the chain level ipSx = V'S ° ^S' for A 3> 0. 

Remark 92. // we do not glue all ends, the composite ips ° V'S' ill-defined. The 
remedy is to take disjoint unions with cylinders Z = {R x , [3 = dt) {which induce 
the identity map by Lemma 0) so that the resulting surfaces can be fully glued. 

Proof, ipsoipgi counts isolated broken Floer solutions u^j^u' which broke at the ends 
where S, S' get glued. Arguing as in Lemmas [88] and |90l there is a 1-parameter 
family u\ of Floer solutions on S\ parametrizing the Floer solutions close to u^u' . 

Conversely, as A — oo a 1-parameter family of isolated Floer solutions ux on Sx 
must converge to a broken solution counted by -05 o ipgi. Indeed, the ux have a 
priori bounded energy depending on the fixed asymptotics, so by Lemma 1821 they 
must break at the stretched ends. Since the ux are isolated, for dimensional reasons 
they cannot break at other ends and they only break once on each stretched end. 

Since the Hamiltonian is linear at infinity, the relevant chain complexes are 
finitely generated and the union of the moduli spaces defining the operations ipsx j 
i^S, "05' is finite. So for large A there is a bijection between the moduli spaces 
counted by and those counted by ips°'4'S'- We prove in ll6.14l that the solutions 
are counted with the same orientation signs. Thus ipSx = 4'S ° 05' for large A. □ 

15.12. TQFT operations on SH*(M). 
Theorem 93. There is a commutative diagram, 

SH*{kiH) «)•••«) SH*{kgH) ^ SH*{hiH) SH*{hpH) 

SH*{k[H) (g) • • • « SH*{k'qH) ^ SH*{h[H) ^ ■ ■ ■ (g, SH*{h'pH) 

where the vertical maps are tensors of continuation maps, and S' is the same Rie- 
mann surface as S but with a modified form P, where ha < h'^, kf, < fc^. 

Thus the operations ijjg induce maps on the direct limits: ips ■ SH*{M)^'' — 
SH*{M)®'\ and these only depend onp,q and the genus of S (for S connected). 

Proof, (fi — ipUiZi 1 ^' = i^UaZa 1 where UbZf,, Ua^a are disjoint unions of continuation 
cylinders. By Theorems 1891 and 1911 cp' o ipg and ips' ° <P both equal (ps"-, where S" 
is the gluing of one of the disjoint unions of cylinders onto S. □ 

15.13. TQFT is compatible with filtrations. We can filter SC*{H) = SC*{H) 
by the homology classes 7 £ Hi{M) of the generators. The Floer differential pre- 
serves the filtration, and so do Floer operations on a cylinder and a cap. The pair 
of pants product is additive: SH\{M) ® SHi^,{M) SHl:^j^^,{M), and similarly 
for the case p = 2,q = 1. For general 5, decompose S as in 115 181 Thus: 

iPs ■■ ®bSH;^{M) ^ ®aSH*^{M) is zero unless ^Y.lb- 
We can also filter SH* (M) by the free homotopy classes 7 S [S^, A/] of the gener- 
ators. Then the above holds if we replace sums by concatenation of free loops. 

In particular it is possible to restrict to the component of contractible loops: 
V's : SH*{M)'^'i SH*{M)'»P and c* : H*{M) SH*{M) C SH*{M). 

15.14. Invariance of the TQFT structure on SH*(M). 

Theorem 94. For ip : M = N of contact type, ipf^ o ips.M = "tpS-N ° ff"^, where 
'4'S,M is the Tps operation on SH*{M). So (/s* respects the TQFT. 
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Proof. This is proved like Lemma [3l in 12.51 pull back the data {H,9n, Jn) via (p* 
to M and check that SH*{M) ^ SH}{M) preserves the TQFT. Since SH*{M) 
SH*j{M) is constructed as a direct limit of continuation maps which homotope / 
to 0, we concatenate TQFT operations with these continuation cylinders to obtain 
a commutative diagram as in Theorem 1931 and then take direct limits. □ 

15.15. The product. The pair of pants surface P (Figure [Ij defines the product 

V'p : SW{M) (E) SW{M) -f SH'+i{M), x ■ y = il;p{x,y), 
which is graded-commutative and associative. Commutativity is a consequence of 
orientation signs by Lemma [1031 (we only use the Z/2Z-grading on SH*, 116. 15p . 
Associativity is proved by gluing: glue onto one positive end of P the negative end of 
another copy of P. The result is a genus surface with p — 1, q — 3, independently 
of which positive end we chose, so associativity follows from Theorems [89l and [911 

15.16. The unit. Let S — C, p — I, q = 0. The end is parametrized by (— oo,0] x 



S, s + it^ e: 



-27r(s+»t)_ On this end, /3 = /(s)dt with /'(s) < 0, with /(s) = 1 for 
s < 1 and /(s) = for s « 0. Extend by /3 = away from the end. 
Definition. Let eH = ^Pc{^)&SH°iH). Define e = \iuieH eSH"{M). 




J-holomorphic since D-H ■ 
Floer 's continuation 
equation for f{s)-H 

Floer 's equation for H 







Figure 9. A cap C, and its interpretation as a continuation cylinder. 

Theorem 95. e is the unit for the multiplication on SH*(M). |— | 
Proof By Theorems HHIMl Vp(e, •) = V-p o (V'c(l) ® id) = ^pz = id (FigureHUl). 




Figure 10. Gluing a cap onto a pair of pants is a continuation cylinder. 

Lemma 96. en is a count of the isolated finite energy Floer continuation solutions 
u -.R X ^ M for the homotopy f{s)H from H to 0. 

Proof, ks XH®P^Xf(s)H®dt, {du-X®l3f -^^0 hecQm.es dsu- J {dtu~-Xf(s)H) = 
0. Near s — oo such u are J-holomorphic, dsU — Jdtu = 0. The finite energy condition 
implies that u converges to an orbit of Xh at s = —oo by Lemma |82I and that the 
singularity at s = cxd is removable. So u extends to a J-holomorphic map over the 
puncture at s = oo (see [53]) recovering the solution C M counted by ipc- □ 

Lemma 97. For H — H^ as in Section^ ch — sum of the absolute minima of H. 

Proof. Pick J so that g = u!{-,J-) is Morse- Smale for H. Rescale H so that all Floer 
continuation solutions for f{s)H are time-independent by Claim 5, 114.31 So en 
counts isolated Morse continuation solutions. So en is a linear combination of the 
minima of H . But en counts —f{s)\7H trajectories starting from a minimium of 
H, so they must be constant. The claim follows. □ 
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Theorem 98. e ~ linje/f is the image of 1 under c* : H*{M) ^> SH*[M). 

Proof ens = c^{l) via c* : H*{M) = MH*{H^) = SH*{H^) by Lemma [HH Via 
continuation : ^iJ* ) ^ S'iJ* (iJ) , = '^(eH^ ) = (ys (eg 1 ( 1 ) by Theorem [M] 
{c*jj:H*{M)^SH*{H)). Now take direct limits. Claim also follows by ThmUl □ 

15.17. Unital ring structure over Z. So far we worked over a field IK of coeffi- 
cients (or a Novikov algebra defined over K in Section [S]) because in llS.lOl we used 
Kiinneth's theorem to pass from Ht{®aSC* {haH)) to ®aSH*{haH). However, op- 
erations for p = 1, in particular the unital ring structure, are also defined over any 
commutative ring since we can lift "05 to (E)bSH*{ki,H) via ®f,[xb] i-^- 'ipsii^bXb])- 

15.18. A minimal set of generating surfaces under gluing. Denote C, Z, P, Q 
the genus surfaces with {p,q) respectively (1,0), (1, 1), (1,2), (2, 1). With a little 
care as in Figure [Til one shows that only C,Z,P,Q are needed to generate via gluing 
any surface with p > 1. For example, the cylinder with {p, q) = (2, 0) is Z2 ~ Qif^G 
and the pair of pants (p, q) = (3, 0) is T = (Q U Z)#Q#C. By TheoremElJ 




Figure 1 1 . Dark dots are punctures with the assigned sign. 



Corollary 99. Every operation ips : SH*{M)'^'> SH*{M)®p is a composition 
of operations, chosen among the four basic ones: the unit ipc ■ K SH*(M), the 
identity tpz — id, the product ipp and the coproduct ipQ : SH*(M) SH*{M)®'^ . 

15.19. Associated graphs. Given a decomposition as above, associate a directed 
graph S' to the decomposition by replacing C, Z, P, Q by the corresponding graphs 
C", Z', P', Q' (Figure [T2|l and gluing them according to the decomposition of S. 

" ^ • " ' ^ ' ' " P'*^ I^Q' 

Figure 12. Graphs C", Z', P', Q'. Dark dots are internal vertices. 
Crosses are punctures: the edge is infinite in that direction. 

15.20. Morse operations. The Morse operations on the Morse cohomology H*{M), 

are defined analogously to the TQFT operations on SH*{M), replacing 5 by a 
graph 5'. Here S' is oriented and has edges parametrized by (— cxd, 0], [0, 00) or 
[0,£] (for finite £ > 0) respectively called negative ends Ca, positive ends et and 
internal edges Cc of length L For each edge Ci pick a Morse function fi. For crit- 
ical points Xa G Crit(/a), yb £ Crit(/f,) define the moduli space of Morse solutions, 
M.(xa] yb; S', fi), consisting of the continuous maps u:S'^M which are — V/i gra- 
dient flows along a and which converge to Xa, yb at infinity on the edg The 
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value of u at vertices where edges meet corresponds to points lying in the intersec- 
tion of stable/unstable manifolds of the fi. The smoothness of M.{xa\yb', S' , fi) is 
guaranteed by making these intersections transverse by choosing the fi generically. 

These operations are well-known (Betz-Cohen [5|, Fukaya [19j) and they define a 
TQFT structure on H*{M). The cup product on H*{M) corresponds to the Morse 
product operation , where P' is the Y-shaped graph of Figure [12] consisting of 
two positive edges and one negative edge all of which meet in one internal vertex. 

We include the unit 1 G H^{M) in this formalism by allowing the graph C of 
Figure [12] consisting of one negative edge carrying a homotopy from a Morse 
function / to 0. Let il)c' ■ K H*{M) be the count of isolated finite energy —Vfs 
flowlines along C . The proof that ■il>c'{^) = 1 is similar to Theorem (951 

Given S as in llS-H consider the graph S' associated to S in ll5.19l The negative 
and positive edges are indexed by a, b respectively, and associate lengths ti to the 
internal edges. Pick generic Morse functions /a, fb on M with —Vfa, —^fb pointing 
inwards on the collar. After identifications with ordinary cohomology, we obtain 



This map does not depend on the choice of S' associated to S, or the choices £i, 
fa, fb by continuation and gluing arguments analogous to the SH*{M) case. 

15.21. Open model surfaces S. Let {S,j) be a Riemann surface isomorphic to 
the closed unit disc with p + q boundary points removed. These punctures are 
marked in the oriented order as 1, . . . ,p, 1, . . . g, the first p > I are called negative, 
the other q > positive. Fix parametrizations as strip-like ends (— cxd, 0] x [0, 1] and 
[0, oo) X [0, 1] near negative and positive punctures, such that j becomes standard: 
jds — dt- Figure [13] shows two ways to think of the pair of pants {p, q) = (1, 2). 



Figure 13. Open-string pair of pants. Dark circles are punctures. 

Fix a one-form P on S with d/3 < 0, such that on each strip-like end ;9 is a 
positive constant multiple of dt. These constants ha,kb > are called weights 
and are generic (not periods of Reeb chords). We require that the pullback (]\gs 
vanishes {f3\Qs{TdS) = 0) and that (3 is exact near dS. 

By Stokes's theorem, > Jg dl3 = J2 — J2 ha, which is the only constraint to 
finding /3 given weights. Indeed one could construct (3 quite canonically |3l Sec.2g]. 

Given two such sets of data for S, S', then as in ll5.11l we can glue a positive end 
of S with a negative end of S' provided they carry the same weight. The resulting 
surface S'#5" carries glued data satisfying the above conditions. 

More generally, we also allow 5* to be a disjoint union of surfaces as above, and 
we also allow surfaces S which are the result of gluing any such surfaces along 
several ends (provided p>l after gluing), so the surface can have certain holes. 
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15.22. Wrapped TQFT structure. Fix a Hamiltonian H as in the definition of 
HW*{L;H) with (possibly non-generic) slope 1 at infinity, and write X = Xh- In 
analogy with 1 15.^ define the moduli space of wrapped solutions yV{xa', yt', S, /3) con- 
sisting of smooth u : S ^ M with u{dS) C L, solving (du — X ® (3)'^-'^ —0, converging 
on the ends to the Hamiltonian chords Xa,yb for haH, kbH . The construction of 
the TQFT is analogous to the SH*{M) case, after three technical remarks: 

1) Maximum principle. All u 6 W(xa; yb\ S, (3) have R{u) <max(i?(a;a), R{yb))- 
Proof. The proof is identical to Lemma [HI except maxima might occur on dS. 

But then by Hopf 's Lemma [TS') Sec. 6. 4. 2] the derivative dtp oi p ~ Ro u in the 
outward normal direction dt on dS would be positive, which it isn't: 

dtp = dR{dtu) = dR{XPt + Jdsu - JXjSs) -e{dsu) ^ 
using dR{X) — 0, dR o J — —9, l3\gs = so /3s =0, and finally using d\Y = on the 
collar and dgU G TL on dS (since ds = —jdt is tangent to dS). □ 

2) Energy. This is defined and bounded as in ll5.3l using 9\j^ — df and f3\Qs — 0, 

E{u) < ELi AhM^a) - ELi A^Mv^)- 

3) Transversality. Proceed as in ll5.61 so ll5.7l can be applied, except we need to 
discuss trivial solutions du — X®ji = 0. Let 7 be a boundary path in dS connecting 
two consecutive punctures 2, 2' with weights c, c'. Since the pull-back of /3 to dS 
vanishes and /3 is exact near 95, we can define a complex coordinate s + it near 
7 such that: 9^ = 7 and /? = l(t) dt along 7, for some function l{t) interpolating 
c, c'. Since du — X <® (3 = 0, du(^) = so m is constant along 7. Thus z, z' are two 
(possibly equal) Hamiltonian chords such that the initial point of one is the end 
point of the other. This gives rise to a triple intersection in L n f''{L) D cp'^'^'^ (L). 
As in 13. 21 after perturbing H, L, one can [31 Lemma 8.2] rule out these intersections 
provided dimM > 4, which we tacitly assume (see O Sec.Sb]). 

These remarks imply that yV{Xa: yt', S, /3) is smooth and compact up to breaking 
at the ends. On the ends, the equation turns into Floer's equation, so the breaking 
analysis is the same as for strips. Counting wrapped solutions, TheoremlMlbecomes 

Theorem 100. There are TQFT maps Ws : (E)bHW*{L- kbH) -J> (i,aHW*{L; haH) 
which m the direct limit become TQFT operations Ws : HW*{L)'^'^ -> HW*{L)'^p, 
(p > 1, g > 0), which do not depend on the choices of f3,j, J. 

This includes the unital ring structure: Wp : HW*{L)®'^ HW*{L) with unit 
Wc : IK — i> HW*{L) where P is a disc with 1 + 2 punctures and C is a disc with 1 + Q 
punctures. As in ll5.15| the product is associative. It is not graded-commutative in 
general (the Lagrangian case lacks the symmetry of P). 

15.23. HW*{L) is a module over SH*{M). Pick a surface S as in ll5.21l Intro- 
duce negative and positive punctures in the interior of S. Fix cylindrical parametriza- 
tions (—00, 0] X and [0, 00) x respectively near those punctures, with jdg = dt- 
Let ^ be a 1-form on the resulting surface S with: d/3 < 0, /3 is a positive multiple 
of dt near each puncture, /? is exact near dS, the pull-back I3\qs = 0. Consider the 
moduli space of solutions u : S ^ M of [du — X ® (3)^'^ — 0, with u{dS) C L, 
converging at boundary punctures to Hamiltonian chords and at interior punctures 
to 1-periodic Hamiltonian orbits. The maximum principle and energy estimate still 
hold, so transversality and compactness up to breaking on the ends are proved as 
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Figure 14. The surface D with punctures (w';w;x) viewed in two ways. 

before. The count of these moduh spaces define operations involving tensor prod- 
ucts of the groups HW*[L) and SH*[M). Consider Figure [HI at the chain level 
such a solution contributes ±w' to Woix ® w) where 



Thus we deduce the following result, which is known by experts: 

Theorem 101. Wd defines a module structure of HW*(L) over SH*(M). 

Proof. By construction Wd is linear in SH*{M) and HW*{L). Next we check that 
WD(e, •) — id for the unit e e SH*{M). Given H and weights, consider Figure [T5] 
capping off the closed orbit in Figure [T3] yields a strip, which we can homotope to 
the standard continuation strip (R x [0,1], /3 = f{t)dt,jds = dt) where /'(<) < 
and / interpolates the weights. So WoisH, •) is chain homotopic to a continuation 
map. So, in cohomology, taking direct limits, Woie, •) is the identity, as required. 



Figure 15. Gluing a cap onto FigurefMl Gluing 2 copies of Figure 
[T4l and finally the configuration obtained after an isotopy. 

Finally we need Wd to be compatible with the product on SH*{M), namely 
Wd o (id o Wd) — Wd ° {tpp ® id). It suffices to check that for given H and weights, 
at the chain level Wd{x, Wd{x', w)) is chain homotopic to yV_D(V'p(a;, x'), w). 

Consider the last two configurations in Figure [15] one is the gluing of two copies 
of Figure[T4lcorresponding to Wd{x, Wd{x' , w)), the other is obtained by an isotopy 
of this one and it is the gluing corresponding to Wd{'>Pp{x, x'),w). 

In the last figure, we first pull-back the form /3 via the isotopy, then we deform 
it (by linear interpolation) to make it equal to the /3 obtained from the gluing of 
the punctured strip with the pair-of-pants. 

Now run the same argument as in the proof of Theorem [91] combining a stretch- 
ing argument with the a priori energy estimate shows that each of the two configu- 
rations arises precisely from gluing broken solutions. Since the two configurations 
are homotopic, Wd{x,Wd{x' ,w)) and Wd{'4'p{x,x'),w) are chain homotopic. □ 



16.1. Coherent orientations for Floer trajectories. A coherent orientation for 
the A4{x,y) of 11.31 is a continuous map associating to u £ A4{x,y) an orientation 
a{u) of the determinant line bundle, Deti:'„ = A™''''keri:»„=A™'^T„A^(x,y), such 



Wd ■■ SH*{M) HW*{L) -> HW*{L). 




16. Appendix 2: Coherent orientations. 
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that the orientations ghie correetly: there is an associative ghiing operation ^ such 
that a{u)=ffa{v) = a{ujj=v) for the broken solution u^v (which agrees with the 
orientation of nearby unbroken solutions under the compactification construction). 
Coherent orientations were first constructed by Floer-Hofer [17 as follows. 

16.2. Fredholm operators on trivial bundles over a cylinder. One first con- 
structs coherent orientations for families of Fredholm operators of the form 

L : W^^^iO ^ LP{0, Lu = d,u + Js^tdtu + A.^tu 

on a trivial vector bundle E ^ Z over the cylinder Z = M. x (compactified ap- 
propriately by adding two circles S\. at infinity), such that Ag^t S Eiid(^) converges 
to self-adjoint isomorphisms A±ao,t and L — = J±oo,tdt + A±oo.t as s — ±oo. 

Once the asymptotic operators at the ends are fixed, the family Oe{L^ , L^) 
of such operators is a contractible (indeed convex) set [T71 Prop 7]. Therefore the 
real line bundle Det(0£;(L~, L+)) — >■ Oe{L' ,L~^) of all determinants 

Det(i) = (A'^'^'^cokeri)^ A'^'^'^keri 

is trivial, and an orientation cr(£) is a choice of trivialization. 

16.3. Gluing the operators and coherent orientations. For operators L, K 
which become constant respectively for s 0, s ^ 0, with ~ , we can glue 
them L^K to yield a natural isomorphism Det L^K = Det L x Det K. Then define 
a{L^K) by gluing two given orientations a{L)^a{K) via the gluing map 

Oe{L-,L+) X Oe{L+,K+) ^ Oe{L-,K+). 

Now construct a coherent orientation as follows. Fix an operator Lq of the type 
that arises at s = — oo. Choose the orientation 1^ Cg) 1 e R for the iso- 
morphism L = ds + Lq. So we get an orientation on Oe{Lo,Lq). Pick any ori- 
entation of Oe{Lo, L^) for all ^ Lq. Coherence requires the orientations on 
Oe{Lq,L^),Oe{L^ ,Lq) to determine that on Oe{LoiLq), so we deduce an ori- 
entation for Oe{L^ , Lq). Orientations on Oe{Lo, L^), Oe{L^ , L^), Oe{L^,Lo) 
determine that on Oe{Lo, Lq), so we deduce an orientation for Oe{L^ , L^)- The 
construction is well-defined since gluing 1^ 1 with itself yields 1^ $5 1. 

16.4. Fredholm operators on bundles E M. The above can be applied 
to any symplectic vector bundle _E — > 7\f by considering all operators L on u*E 
for smooth maps u : Z ^ M such that in a trivialization L is an operator of 
type above. The bundles u*E have the homotopy type of so u*E is trivial 
since ■KQ[Sp{2n)) = 0, but two choices of trivialization may be non-homotopic as 
7ri{Sp{2n)) = Z. A careful choice [ITl Lemmas 13&15] of trivializations ensures we 
can define an orientation for each equivalence class [L, u] of operators with pre- 
scribed: asymptotic L^, index(L), asymptotics u(±oo,t). As before, we construct 
coherent orientations a{[L,u]) for all classes [L,u], with the additional features that 
one has to pick cr(-Loj ""o) for every free homotopy class uq € [S^, M] and one picks 
an orientation of [L, u] for = Lq with minimal index ind(L) > (if it exists). 

16.5. Definition of orientation signs for S'i7*(M). Applv fTOl to TIJ ^ 17 to 

get a coherent orientation a. Then a is defined on all linearizations £)„ of Floer's 
equation along a Floer trajectory u. An isolated Floer trajectory u has a natural 
orientation dgU determined by its flow. Define the £„ € {±1} of l2.1l bv a{u) = eu-dsU. 
For an isolated Floer continuation solution v define the ei, e {±1} of 12. 21 bv ev — (j{v). 
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16.6. Using orientation signs to prove = 0. Let u^isl G A^o(a;, 2/)#A^o(y, z) 
be a broken Floer trajectory lying at the boundary of a connected component 

C z). Floer's gluing map parametrizes a neighbourhood of this boundary 

by a gluing parameter A^O as follows. It interpolates the two maps {gluing data) 

{ux ^ u{s + X,t))\s<-i and iu'_^ ^ u'{s - X,t))\s>i 
to obtain an approximate solution to Floer's equation, then it finds the closest Floer 
solution u^\u' G M. via the implicit function theorem. Recall the notation A^. I1.3I 
We can canonically orient M{x^ y) xA4{y, z) at (m, u') by the pair of basis vectors 

{{dsu,-dsu'), {dsu,dsu')). 

Differentiating the gluing data {ux,u'_^) in A and s gives rise to the two vectors 
{dsU\, —dsu'_^J, {dsU\, dsu'_-)J, which agree with the above canonical orientation. 
Thus for large A, the pair {d\{u^\u'), ds{u^xu' j) defines the correct gluing orienta- 
tion of TM{x, z)u#^u' ■ Quotienting by the translations, we deduce that dx{u^\u') 
defines the glued orientation on M (= interval) near the boundary. Since u4/=\u' 
approaches the boundary as A increases, this is the outward-pointing orientation. 

Thus the two boundaries u^u', M2#W2 of oppositely oriented by the gluing 

map: dsU^dgu' = —dsU2#dsu'2- Since they belong to the same component A4, they 
carry the same asymptotic operators, so a{u^u') = (t(w2#U2). By coherence 

a{u^u') = a{u)#a{u') = e„e„' • dsU^dsu' , 
and similarly for (t(w2#U2)- Combining these results yields the required equality 
^u^u' + ^U2^u'^ — 0, which is needed to prove do d = in 12. II 

16.7. Using orientation signs to prove dtp — Lpd. (where 1^9 is a continuation 
map, 1221). Let u^v and v'^u' be broken continuation solutions, where v,v' are 
Floer continuation solutions, u, u' are Floer trajectories. Their orientations are 
defined by the orientations dsU, dgu' respectively. However, the gluing data is now 

(u2aU<-a-i, v\s>-\+i) and (t;'U<A-i, u'_2aIs>a+i)- 
Differentiating in A: {2dsU2\,0), {0, —2dsu'_2x)- So for A ^ the glued orientations 
are d\{u^xv) (outward-pointing near the boundary) and —d\{v'^\u') (inward). 

Suppose the two boundaries of M. are of the same type, say m#u and M2#i'2- 
By coherence <t{u^v) = <j{u)^ij{v), and a{u^v) = cr(u2#W2) since they lie in the 
same component M.. Thus, using the above gluing result, e„et, = —eu2^v2i so the 
two contributions to 9 o 1^9 cancel out. Similarly, if both boundaries are of type 
we get two contributions to (p o d which cancel out. 

If the boundaries are u^v and v'^u' , then the glued orientations either both 
agree or both disagree with the boundary orientation of Ai. Using coherence, we 
deduce e„e^ — e„'e„', which are the required signs to prove d o ip = ip o d. 

16.8. Coherent orientations for Floer solutions. For TQFT operations we 
need coherent orientations using smooth maps u : 5 — ^ M on a punctured Rie- 
mann surface 5" with prescribed parametrizations on the cylindrical ends (appro- 
priately compactified with asymptotic circles , at the ends) . We mimic the 
construction from symplectic field theory [6] which builds upon [141, 1.8]. 

16.9. Predholm operators over punctured surfaces. First consider complex 
vector bundles E ^ S with prescribed trivializations on the asymptotic circles, and 

Lu- X ^ Vxu + JVjxu + A^{u) ■ X, 
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for L:W^-PiE) ^ LP{llom°'^{TS,E)), A eIlom{E,Rom°'\TS, E)), which on the 
cyhndrical ends are operators of the type 116.21 Denote the space of such operators: 
OsiLa', Lb) — Oe{Li, . . . , Lp] Li,..., Lq) 

where La, Lt are the asymptotic operators respectively at the negative and positive 
ends. Just as in ll6.2| OE{La', Lb) is a contractible space so the determinant bundle 
over OE{La] Lb) is trivial and an orientation is a choice of triviahzation. 

16.10. Gluings and disjoint unions. Just as in ll6.3l there is a gluing operation: 
given E S , E' ^ S' with matching trivializations over the respective punctures 
j/c, x'^ where we glue, we obtain a glued bundle E" — S" and a gluing map 

# : OsiLa; Lb, L^c) X Oe'{Lc, La'; Lb') OE"{La, La'; Lb, Lb'), 
where we always use the convention that L_c is an abbreviation for the reversed 
ordering (. . . , L2, ^i) of the operators (ii, L2, ■ ■ ■), so inductively in c we are gluing 
on the c-end the pair of asymptotes i_c = Lc- This ensures the associativity of 
the gluing operation # defined on the orientations (t{L) of DetL 7, Cor 7]. 
The disjoint union of bundles determines a natural isomorphism 

Deti® DetL' Det(LUL'). 
Denote (t(L) U <7{L') the induced operation on orientations. If a gluing between 
operators K and LU L' only involves gluing K with L, then distributivity holds: 

a{K)if{a{L) U a{L')) = {o{K)#a{L)) U a{L'). 

16.11. Axiomatic construction of coherent orientations. If S has no punc- 
tures, then 0^(0; 0) contains a Cauchy-Riemann operator d, which is C-linear. 
Thus ker9, cohere? are complex, so they are canonically oriented. Therefore, d 
defines a canonical orientation <j{d) on C'£;(0;0). 

Now consider the standard trivial bundles triv — C. Denote the operators L on 
these bundles by depending on whether 00 is a positive or negative puncture. 
Define an orientation on each Otriv->-c(^; 0) by fixing an operator D~ and picking 
an orientation for it. This determines an orientation for any D'^ hy coherence: 
gluing an appropriate forces a{D~)^a{D~^) to be the canonical orientation. 

Since we established orientations for any D~ G Otriv^c(^j; 0), we can define 
a{D^ U • ■ • U D-^) = (J{D^) U ■ ■ • U cr{D-), 
and similarly for e Otriv^cl^; ^i)- 

Definition 102. The orientation <j{K) for K e OE^La; Lb) is defined by capping 
off the punctures and requiring that we obtain the canonical orientation: 

a{\JDta)#(y{K)ij=a{\JDZb) = canonical, 
with the convention that D-a is the reverse ordering (. . . , D2, Di) of the Da- 

16.12. Orientation signs arising from gluing. We now want to find out whether 
a glued orientation a{L)^a{L') agrees with a{L^L') or not. 

Lemma 103. [61 Thm.2] // we exchange the position of two consecutive b-labels 
k, k+1, the coherent orientation ofOsiLa; Lb) changes by (^—i)"'-'iDk-indDk+i^ where 
the Db £ Otriv^c{Lb;%) cap off the b-ends. Similarly for a-labels using the Da G 
Otriv^ci^; La)- L'or a general permutation of the ends, iterate this result. 

Sketch proof. For simplicity, we consider the pair of pants case. We want to compare 
L G Oe{Li;L2,L^) and L' G Oe{Li; L3, L2), so we cap off the ends 2,3 so that 
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both operators now lie in Oe'{Li; 0) so they are equahy oriented. Thus (t(L#(I?3U 
-D2)) = (t(L'#(-D2 U D3)). So, by our axiomatic construction, 

a{L)i^{a{Ds) U a(i^2)) = a{L')#(a{D2) U a(D:,)). 

Thus cr(L), cr(i') are the same if and only if a{D2) U <t{D3) and ^{D^) U (7(1)2) are 
the same. But for these caps, we are switching the order of the two brackets of 

(A™'^'<^coker''D2 ® A^^^'^kerL'a) ® (A^'^^coker'^Da ® A'"^'' ker L>3), 
so the orientation changes by a sign: (_i)(dimkcrD2+dimcokcrD2) (dimkorD3+dimcokorD3) 

^ -j^ ^ (dim kcr 1)2 ^dim cokcr£>2 ) ■ (dim kcr £>3 — dim cokcr_D3) ^ -|^ynd_D2 ■ind£>3 Q 

Lemma 104 (Prop. 8, Prop. 10, 6 ). a{L)^a{L') agrees with a{L^L') when all 
ends are glued, that is for gluings of type OE{La] L^c)'^^E'{Lc] Li,i) — >■ Oe" {La] Ly). 
For partial gluings, OE{La; Lj,, L_c) x Oe'{Lc, La'; 1^') OE"{La, La'] Lf,, L^'), 
the orientations <j{L#L') and (t{L)#(t{L') differ by (-l)T.«tdD,-j:zndD^, ^ 
(Mnemonically: we are reordering Lb] La' to La'] Lb). 

Sketch proof. The key behind the first claim is that for complex linear operators, 
gluings preserve the complex orientations. Now for general L,L', we can assume 
the ends labelled a, b' are capped off since they don't matter. Then attach cylinders 
Z-C-, Z'^ at the c, c' ends so that the new asymptotic operators are complex linear. 
The resulting operators LUZ^c, Z'^UL' are now homotopic to complex linear ones, 
so they glue weh: a{{L U U L')) = a{L U Z_c)#cr(Z^ U L'). Finally, by 

the associativity of #, we can move the Z'^ over to the Z_c and "cancel them off' 
in pairs, to conclude the first claim: a{L U L') — a{L)^a{L'). 
For the second claim, write <7a = ^a<^{L>a), then 

(fT_„,U<T-„) # {a(L)#a{L')) # (<t_,, UfT_i,) = [<t_„, U (<T-„#<t(L))] # [(<t(L' )#<t_,, ) U fT_i,] . 

The latter is a gluing of all ends, so we can apply the first claim provided that the 
ends are correctly ordered. Apply Lemma 11031 iteratively to correctly reorder the 
(negative) ends of the second square bracket: this gives rise to the sign in the second 
claim. Except for this sign, the result of the gluing must be the complex orientation 
just like for {a-a' U CT-a) # {<^{L#L')) # {(J-b' U cr_b). Removing the caps that we 
added in both cases shows (j{L)^a{L'), a{L^L') differ by that sign. □ 

16.13. Orientation signs for the TQFT. Now we define coherent orientations 
for the moduli spaces Ai{xa] yb] S, (3). Pick once and for all a choice of trivialization 
of x*TM over each Hamiltonian orbit x (see 116.161 to avoid choices). 

For u G M{xa] yb] S, /3), the linearization L — Z?„ of d from 1 15. "71 is an operator 
of the above type on E — u*TM — > S with asymptotics (Lj", . . . , L~]L'^ , . . . , L+) 
in the chosen trivializations over the asymptotics Xa,yb- Define the orientation sign 
e„ e {±1} arising in llS.lOl bv (notice the order!) 

e„ = a{u) = a{0^,rfj^^s{L^ , . . . ,L~]L+ , . . . ,L+)). 
Note that the definition involves the bundle u*TM, not just the asymptotics L^. 

16.14. Using orientation signs to prove TQFT maps compose correctly. 

By coherence, a{u^v) — zsza{u)^a{v) for any broken Floer solution where the 
sign ± is determined by applying Lemma [1041 It is + if all the positive ends of u get 
glued, or if all the negative ends of v get glued. In Theorem HU tpS°'4'S' = ^S4)^xS' 
for a large A, since the unique glued solution u^\v close to an isolated broken 
solution u^v is counted with sign a{u^\v) — a{u^v) — a{u)#a{v) by coherence. 
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16.15. Using orientation signs to prove TQFT maps are chain maps. If 

SH* is Z-graded ([211), the differential d on SC*{Hi) (g) • • • SC*{Hk) is defined by 

a(ai (X) 02 (g) aa ® • • • ) = d(ai) (g) 02 » ag (g) h (-l)l''ilai g) ^(02) (g 03 g) h 

+ (_l)|ail+|a2|„^ g) a2 (g d(a3) g) 1 , 

tills is the Koszul sign convention with d in degree 1. In general, SH* is only Z/2Z- 
graded, but this d makes sense since only the parity of |ai|, |a2|, . . . matter. 

Suppose u^v is a broken Floer solution, where an isolated Floer trajectory u 
broke off at the first negative end. The gluing of the linearizations Du^Dy is 

0{D-,D+)xO{D+,L^,...,L^:L+,...,L+)^0{D-,L^,...,L;;L+,...,L+), 

so by Lemma fl 041 (t{u^v) — a{u)^a{v). Similarly, for broken Floer solutions v^fu 
when u breaks off at the first positive end. For all other breakings, first apply 
Lemma [103] to reorder the ends so that we are in one of the previous two situations, 
then glue, and finally reorder the ends back to their original position. Since we 
glued an isolated Floer trajectory, the grading of the orbit at that end changes 
parity, thus the sign introduced by the second reordering differs from the sign of 
the first reordering precisely by the Koszul sign for d discussed above. 

Thus we proved that a{u)^a{v) and a{u^v) differ by the Koszul signs that 
arise in the computation of 9 o -05, and similarly for v^u and -05 o d. Now repeat 
verbatim the gluing description of 116.71 replacing the continuation solution v by 
the Floer solution v, and M. C Aii{xa',yb', S, P). The gluing map sends dgU to an 
inward/outward pointing vector near the boundary for breakings of type v=ffu, u=ffv 
respectively. Thus we obtain the required signs that prove ^5 o d ~ d o ipg — 0. 

16.16. The choice of trivializations over the Hamiltonian orbits. In ll6.13l 

we proved that the moduli spaces M.{xa]yb'T j3) are canonically oriented relative 
to the ends: we chose trivializations of x*TM over the asymptotics x — Xa,yb- 
Since we are taking determinants, we only need to choose an orientation of x*TM. 
One can incorporate these choices into the symplectic chain complex: 

For a 1-dimensional R-vector space V , define the orientation space 0{V) to be 
the 1-dimensional K-vector space generated by the two possible orientations of V, 
subject to the relation that the two generators sum to zero. This is functorial: any 
M-linear map V—^'W defines a natural K-linear map 0{V)—>-0{W), and similarly 
for multi-linear maps. In our setup, let 0{x) be generated by the two orientations 
of x*TM (modulo the relation that they are opposite generators). Then define 

SC*{H) = {0{x) : X e CM, x{t) = X{x{t))] . 

One then checks that the orientation signs we constructed for the moduli spaces 
M.{x,y) and M{xa;yb\ j3) depend multiplicatively on the choices of orientation 
of TAI over the asymptotics. For example, u 6 ^^0(2^7^) defines an isomorphism 
e„ : 0{y) 0{x), which, if we made explicit choices of generators, would be 
multiplication by the sign of 12.11 Then we define the differential d acting on the 
summand 0{y) by the linear map ^ e„, summing over u G A4o{x, y). 

Floer solutions u G M.Q{xa, yb', S, f3) yield isomorphisms e„ : ®bO{yb) ®aO{xa), 
and the operations V'S act on <^bO{yb) via ^ e„, summing over aU such u. 

For twisted symplectic cohomology, we replace the field IK by the Novikov algebra 
A, and we insert the weights in front of the e„ maps. 

We recommend Seidel [331 Section 12f] for more information about orientations. 
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17. Appendix 3: Using non-linear Hamiltonians. 

17.1. An alternative definition of SH*{M). Lemma TlOSI shows that we could 
define SH*{AI) = SH*{Q). We cah non-linear Hamiltonians the Hamiltonians Q 
of the Lemma, sueh as ^B? (one could easily weaken the conditions on Q). 

Lemma 105. Let Q : M — > R equal a convex function q{R) on the collar with 
q'{R) — oo. Let i/™ — Q where q' < m and extend by slope m elsewhere. Then 
SH*{Q) = Um SH*{H"') ^ \u^SH*{H) = SH*{M). 

Proof. By the convexity of g, dR{—Rq'{R) + q{R)) = —q"{R) < 0, so the action 
Aq decreases on the collar. Thus no Floer trajectories have > R{x+), 

otherwise they would have negative energy. So for to < m' we get inclusions of 
subcomplexes SC*{H"') C SC*{H"^') C SC*{Q). Since SC*{Q) consists oi finite 
linear combinations of generators, the claim follows. □ 

17.2. Contact type J make transversality faiL Defining SH*(M) = SH*{Q) 
avoids direct limits, but makes transversality or compactness proofs harder. To 
achieve transversality one needs to be able to perturb J on all of M and in all 
directions. To guarantee compactness, one needs the maximum principle, so one 
needs the contact type condition on J at infinity, Jdr = TZ. This leaves no freedom 
to perturb J in the plane span(9i., 7?.): for example for M = C, J is uniquely de- 
termined at infinity. So one cannot naively achieve transversality and compactness 
at the same time. Thus, one needs to allow J to be of non-contact type and one 
needs to reprove compactness. We found the following trick: 

Theorem 106. Given J of contact type at infinity, there exists a perturbation J' 
of J , no longer of contact type at infinity, such that J' -Floer solutions stay within 
compact sets determined by their ends. 

In fact, there are reals dn = dn{J) > such that a generic perturbation J' of J 
will work, subject only to the condition that \ J' — J\ < dn onn<R<n+l for all 
n€N. (Generic is always in the sense of B aire second category) 

Proof. Bv ll5.7l a generic perturbation of J by an arbitrarily small amount achieves 
transversality for Floer solutions lying in a given compact W C M. However, 
we cannot naively perturb J inductively on larger and larger compacts, since the 
maximum principle will no longer hold on these compacts. Even after fixing the 
asymptotics A, new Floer solutions may appear reaching into the regions where 
we perturbed J. Thus, we need to have control over the following value kA as we 
perturb J inductively: given asympototic data A (Hamiltonian orbits), let 

kA{J) = max{i?(u) : u is a J-Floer solution with asymptotic data A}, 

and let Ka{J) — {R < kA^J)} C M. Note that kA{J) < oo by the maximum 
principle, since J is of contact type for large R. For simplicity, assume J is of 
contact type for R>1 (the argument can easily be adapted to the general case). 

Key claim. Given any e„ > 0, there exit c?„ > such that for any sequence of 
almost complex structures J„, with Jq = J, satisfying 

Jn — J on R > n and | J„+i — J| < dm on to < i? < m + 1, all m < n 

we can guarantee that kA{Jn+i) ~kAiJn) < £n ("the kA don't increase too much"). 

To prove the Key claim, suppose by contradiction that this fails at step n — N + 1. 



58 



ALEXANDER F. RITTER 



Let J' — Jn- Then there exists a sequence converging to J', with J'„ = J on 
R > iV + 1, and there are J^^-Floer solutions Um with asymptotics in A, which 
leave the compact Ka(J') by at least a distance En > 0. 

The Um lie in the compact i? < iV+ 1 by the maximum principle (on R > iV + 1, 
Jm = J is of contact type). Thus by Gromov compactness, a subsequence of the 
(wm, Jm) converges to a J'-Floer solution u with asymptotics A. 

For simplicity, assume u is not broken (the argument can easily be adapted to 
the broken case, for example by allowing broken solutions in the definition of fc^). 
By the convergence, u must also leave the compact Ka{J') by at least a distance 
En > 0. Thus u contradicts the definition of kA{J')- The Key claim follows. 

Pick a sequence £„ > so that e = ^ e„ > is as small as we desire. Then 
inductively construct Jn+i by making a generic small perturbation of J„ on i? < n, 
ensuring that J„ is regular for J„-Floer solutions lying in R < n. If we make these 
perturbations in a controlled way, we can ensure that the conditions of the Key 
claim are met for £„, and also that the J„ converge to a regular almost complex 
structure J'. By construction fcyi(J') < fcyi(J)+e < oo, so the Theorem follows. □ 

Corollary 107. Transversality and compactness can both be achieved for the moduli 
spaces of Floer solutions for non-linear Hamiltonians, after a generic (non-contact 
type) perturbation of a given J of contact type at infinity ( Generic as in \106} . 

17.3. TQFT structure using non-linear Hamiltonians. By Theorem 11061 we 
can define TQFT operations for the non-linear Hamiltonian Q. Because of the 
weights, this will involve tensor products of SH*{cQ) for some weights c. However, 
there is a natural way to identify SH*{cQ) = SH*{Q): first use the Liouville flow so 
that the pull-back of the Hamiltonian cQ becomes < Q, then apply a continuation 
map. This defines TQFT operations SH*{Q)®'' SH*{Q)'»p. Apply LemmafTUSl 

Corollary 108. The TQFT structure onSH*{Q) agrees tuith the TQFT structure 
on SH*{M) = liujSH*{H) (taken over linear Hamiltonians). 

Remark 109. Analogous arguments hold in the wrapped case: for a non-linear 
Hamiltonian Q, HW*{L) = HW*{L; Q) and the TQFT structures agree. 
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